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Preface 
This Student's Solutions Guide for Discrete Mathematics and Its Applications, seventh edition, 
contains several useful and important study aids. 

• SOLUTIONS TO ODD-NUMBERED EXERCISES 
The bulk of this work consists of solutions to all the odd-numbered exercises in 

the text. These are not just answers, but complete, worked-out solutions, showing how 
the principles discussed in the text and examples are applied to the problems. I have also 
added bits of wisdom, insights, warnings about errors to avoid, and extra comments that 
go beyond the question as posed. Furthermore, at the beginning of each section you will 
find some general words of advice and hints on approaching the exercises in that section. 

• REFERENCES FOR CHAPTER REVIEWS 
Exact page references, theorem and example references, and answers are provided as a 

guide for all the chapter review questions in the text. This will make reviewing for 
tests and quizzes particularly easy. 

• A GUIDE TO WRITING PROOFS 
Near the end of this book is a section on writing proofs, a skill that most stu­

dents find difficult to master. Proofs are introduced formally in Chapter 1 (and proofs by 
mathematical induction are studied in Chapter 5), but exercises throughout the text ask 
for proofs of propositions. Reading this section when studying Sections 1.6-1.8, and then 
periodically thereafter, will be rewarded, as your proof-writing ability grows. 

• REFERENCES AND ADVICE ON THE WRITING PROJECTS 
Near the end of this book you will find some general advice on the Writing Projects 

given at the end of each chapter. There is a discussion of various resources available in the 
mathematical sciences (such as Mathematical Reviews and the World Wide Web), tips on 
doing library research, and some suggestions on how to write well. In addition, there 
is a rather extensive bibliography of books and articles that will be useful when 
researching these projects. We also provide specific hints and suggestions for each project, 
with pointers to the references; these can be found in the solutions section of this manual, 
at the end of each chapter. 

• SAMPLE CHAPTER TESTS 
Near the end of this book you will find a sequence of 13 chapter tests, comparable 

to what might be given in a course. You can take these sample tests in a simulated test 
setting as practice for the real thing. Complete solutions are provided, of course. 

• PROBLEM-SOLVING TIPS AND LIST OF COMMON MISTAKES 
People beginning any endeavor tend to make the same kinds of mistakes. This is 

especially true in the study of mathematics. I have included a detailed list of common 
misconceptions that students of discrete mathematics often have and the kinds of errors 
they tend to make. Specific examples are given. It will be useful for you to review this list 
from time to time, to make sure that you are not falling into these common traps. Also 
included in this section is general advice on solving problems in mathematics, which you 
will find helpful as you tackle the exercises. 

• CRIB SHEETS 
Finally, I have prepared a set of 13 single-page "crib sheets," one for each chapter 

of the book. They provide a quick summary of all the important concepts, definitions, and 
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theorems in the chapter. There are at least three ways to use these. First, they can be used 
as a reference source by someone who wants to brush up on the material quickly or reveal 
gaps in old knowledge. Second, they provide an excellent review sheet for studying for tests 
and quizzes, especially useful for glancing over in the last few minutes. And third, a copy 
of this page (augmented by your own notes in the margins) is ideal in those cases where an 
instructor allows the students to come to a test with notes. 

Several comments about the solutions in this volume are in order. In many cases, more 
than one solution to an exercise is presented, and sometimes the solutions presented here are 
not the same as the answers given in the back of the text. Indeed, there is rarely only one way 
to solve a problem in mathematics. You may well come upon still other valid ways to arrive at 
the correct answers. Even if you have solved a problem completely, you will find that reviewing 
the solutions presented here will be valuable, since there is insight to be gained from seeing how 
someone else handles a problem that you have just solved. 

Exercises often ask that answers be justified or verified, or they ask you to show or prove 
a particular statement. In all these cases your solution should be a proof, i.e., a mathematical 
argument based on the rules of logic. Such a proof needs to be complete, convincing, and correct. 
Read your proof after finishing it. Ask yourself whether you would understand and believe it if 
it were presented to you by your instructor. 

Although I cannot personally discuss with you my philosophy on learning discrete mathe­
matics by solving exercises, let me include a few general words of advice. The best way to learn 
mathematics is by solving problems, and it is crucial that you first try to work these exercises 
independently. Consequently, do not use this Guide as a crutch. Do not look at the solution 
(or even the answer) to a problem before you have worked on it yourself. Resist the temptation 
to consult the solution as soon as the going gets rough. Make a real effort to work the problem 
completely on your own-preferably to the point of writing down a complete solution-before 
checking your work with the solutions presented here. If you have not been able to solve a prob­
lem and have reached the point where you feel it necessary to look at the answer or solution, 
try reading it only casually, looking for a hint as to how you might proceed; then try working 
on the exercise again, armed with this added information. As a last resort, study the solution 
in detail and make sure you could explain it to a fellow student. 

I want to thank Jerry Grossman for his extensive advice and assistance in the preparation of 
this entire Guide, Paul Lorczak, Suzanne Zeitman, and especially Georgia Mederer for double­
checking the solutions, Ron Marash for preparing the advice on writing proofs, and students 
at Monmouth College and Oakland University for their input on preliminary versions of these 
solutions. 

A tremendous amount of effort has been devoted to ensuring the accuracy of these solutions, 
but it is possible that a few scattered errors remain. I would appreciate hearing about all that 
you find, be they typographical or mathematical. You can reach me using the Reporting of 
Errata link on the companion website's Information Center at www.mhhe.com/rosen. 

One final note: In addition to this Guide, you will find the companion website created 
for Discrete Mathematics and Its Applications an invaluable resource. Included here are a 
Web Resources Guide with links to external websites keyed to the textbook, numerous Extra 
Examples to reinforce important topics, Interactive Demonstration Applets for exploring key 
algorithms, Self Assessment question banks to gauge your understanding of core concepts, and 
many other helpful resources. See the section titled "The Companion Website" on page xvi of 
the textbook for more details. The address is www.mhhe.com/rosen. 

Kenneth H. Rosen 
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Section 1.1 Propositional Logic 1 

CHAPTERl 
The Foundations: Logic and Proofs 

SECTION 1.1 Propositional Logic 
Manipulating propositions and constructing truth tables are straightforward. A truth table is constructed by 

finding the truth values of compound propositions from the inside out; see the solution to Exercise 31, for 

instance. This exercise set also introduces fuzzy logic. 

1. Propositions must have clearly defined truth values, so a proposition must be a declarative sentence with no 

free variables. 

a) This is a true proposition. 

b) This is a false proposition (Tallahassee is the capital). 

c) This is a true proposition. 

d) This is a false proposition. 

e) This is not a proposition (it contains a variable; the truth value depends on the value assigned to x). 

f) This is not a proposition, since it does not assert anything. 

3. a) Mei does not have an MP3 player. 

b) There is pollution in New Jersey. 

c) 2+1#3 

d) It is not the case that the summer in Maine is hot and sunny. In other words, the summer in Maine is not 

hot and sunny, which means that it is not hot or it is not sunny. It is not correct to negate this by saying 
"The summer in Maine is not hot and not sunny." [For this part (and in a similar vein for part (b)) we need 

to assume that there are well-defined notions of hot and sunny; otherwise this would not be a proposition 

because of not having a definite truth value.] 

5. a) Steve does not have more than 100 GB free disk space on his laptop. (Alternatively: Steve has less than 

or equal to 100 GB free disk space on his laptop.) 

b) Zach does not block e-mails and texts from Jennifer. (Alternatively, and more precisely: Zach does not 

block e-mails from Jennifer, or he does not block texts from Jennifer. Note that negating an "and" statement 

produces an "or" statement. It would not be correct to say that Zach does not block e-mails from Jennifer, 

and he does not block texts from Jennifer. That is a stronger statement than just the negation of the given 

statement.) 

c) 7·11·13#999. 

d) Diane did not ride her bike 100 miles on Sunday. 

7. a) This is false, because Acme's revenue was larger. 

b) Both parts of this conjunction are true, so the statement is true. 

c) The second part of this disjunction is true, so the statement is true. 

d) The hypothesis of this conditional statement is false and the conclusion is true, so by the truth-table 

definition this is a true statement. (Either of those conditions would have been enough to make the statement 

true.) 
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e) Both parts of this biconditional statement are true, so by the truth-table definition this is a true statement. 

9. This is pretty straightforward, using the normal words for the logical operators. 

a) Sharks have not been spotted near the shore. 

b) Swimming at the New Jersey shore is allowed, and sharks have been spotted near the shore. 

c) Swimming at the New Jersey shore is not allowed, or sharks have been spotted near the shore. 

d) If swimming at the New Jersey shore is allowed, then sharks have not been spotted near the shore. 

e) If sharks have not been spotted near the shore, then swimming at the New Jersey shore is allowed. 

f) If swimming at the New Jersey shore is not allowed, then sharks have not been spotted near the shore. 

g) Swimming at the New Jersey shore is allowed if and only if sharks have not been spotted near the shore. 

h) Swimming at the New Jersey shore is not allowed, and either swimming at the New Jersey shore is allowed 

or sharks have not been spotted near the shore. Note that we were able to incorporate the parentheses by 
using the word "either" in the second half of the sentence. 

11. a) Here we have the conjunction p A q. 

b) Here we have a conjunction of p with the negation of q, namely p A --.q. Note that "but" logically means 
the same thing as "and." 

c) Again this is a conjunction: --.p A --.q. 

d) Here we have a disjunction, p V q. Note that V is the inclusive or, so the "(or both)" part of the English 

sentence is automatically included. 

e) This sentence is a conditional statement, p -> q. 

f) This is a conjunction of propositions, both of which are compound: (p V q) A (p-> --.q). 

g) This is the biconditional p f-+ q. 

13. a) This is just the negation of p, so we write --.p. 

b) This is a conjunction ("but" means "and"): p A --.q. 

c) The position of the word "if" tells us which is the antecedent and which is the consequence: p -> q. 

d) -ip -t --.q 

e) The sufficient condition is the antecedent: p -> q. 

f)qA--.p 

g) ''Whenever" means "if": q -> p. 

15. a) "But" is a logical synonym for "and" (although it often suggests that the second part of the sentence is 

likely to be unexpected). So this is r A --.p. 

b) Because of the agreement about precedence, we do not need parentheses in this expression: --.p A q A r. 

c) The outermost structure here is the conditional statement, and the conclusion part of the conditional 

statement is itself a biconditional: r -> ( q f-+ --.p) . 

d) This is similar to part (b): --.q A --.p A r. 

e) This one is a little tricky. The statement that the condition is necessary is a conditional statement in one 

direction, and the statement that this condition is not sufficient is the negation of the conditional statement in 

the other direction. Thus we have the structure (safe -> conditions) A--.( conditions -> safe). Fleshing this out 

gives our answer: ( q -> (--.r A --.p)) A --.( (--.r A --.p) -> q). There are some logically equivalent correct answers 

as well. 

f) We just need to remember that "whenever" means "if" in logic: (p A r) -> --.q. 

17. In each case, we simply need to determine the truth value of the hypothesis and the conclusion, and then use 
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the definition of the truth value of the conditional statement. The conditional statement is true in every case 

except when the hypothesis (the "if" part) is true and the conclusion (the ''then" part) is false. 

a) Since the hypothesis is true and the conclusion is false, this conditional statement is false. 

b) Since the hypothesis is false and the conclusion is true, this conditional statement is true. 

c) Since the hypothesis is false and the conclusion is false, this conditional statement is true. Note that the 

conditional statement is false in both part (b) and part ( c); as long as the hypothesis is false, we need look 
no further to conclude that the conditional statement is true. 

d) Since the hypothesis is false, this conditional statement is true. 

19. a) Presumably the diner gets to choose only one of these beverages, so this is an exclusive or. 

b) This is probably meant to be inclusive, so that long passwords with many digits are acceptable. 

c) This is surely meant to be inclusive. If a student has had both of the prerequisites, so much the better. 

d) At first glance one might argue that no one would pay with both currencies simultaneously, so it would 

seem reasonable to call this an exclusive or. There certainly could be cases, however, in which the patron 

would pay a portion of the bill in dollars and the remainder in euros. Therefore, an inclusive or seems better. 

21. a) If this is an inclusive or, then it is allowable to take discrete mathematics if you have had calculus or 

computer science or both. If this is an exclusive or, then a person who had both courses would not be allowed 

to take discrete mathematics-only someone who had taken exactly one of the prerequisites would be allowed 

in. Clearly the former interpretation is intended; if anything, the person who has had both calculus and 

computer science is even better prepared for discrete mathematics. 

b) If this is an inclusive or, then you can take the rebate, or you can sign up for the low-interest loan, or you 

can demand both of these incentives. If this is an exclusive or, then you will receive one of the incentives but 

not both. Since both of these deals are expensive for the dealer or manufacturer, surely the exclusive or was 

intended. 

c) If this is an inclusive or, you can order two items from column A (and none from B), or three items from 

column B (and none from A), or five items (two from A and three from B). If this is an exclusive or, which it 

surely is here, then you get your choice of the two A items or the three B items, but not both. 

d) If this is an inclusive or, then lots of snow, or extreme cold, or a combination of the two will close school. 

If this is an exclusive or, then one form of bad weather would close school but if both of them happened then 

school would meet. This latter interpretation is clearly absurd, so the inclusive or is intended. 

23. a) If the wind blows from the northeast, then it snows. ["Whenever" means ''if."] 

b) If it stays warm for a week, then the apple trees will bloom. [Sometimes word order is flexible in English, 

as it is here. Other times it is not-"The man bit the dog" does not have the same meaning as "The dog bit 

the man."] 

c) If the Pistons win the championship, then they beat the Lakers. 

d) If you get to the top of Long's Peak, then you must have walked eight miles. [The necessary condition is 

the conclusion.] 

e) If you are world famous, then you will get tenure as a professor. [The sufficient condition is the antecedent.] 

f) If you drive more than 400 miles, then you will need to buy gasoline. [The word ''then" is sometimes 

omitted in English sentences, but it is still understood.] 

g) If your guarantee is good, then you must have bought your CD player less than 90 days ago. [Note that 

"only if" does not mean "if"; the clause following the "only if" is the conclusion, not the antecedent.] 

h) If the water is not too cold, then Jan will go swimming. [Note that "unless" really means "if not." It also 

can be taken to mean "or."] 
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25. In each case there will be two statements. It is being asserted that the first one holds true if and only if the 

second one does. The order doesn't matter, but often one order is more colloquial English. 

a) You buy an ice cream cone if and only if it is hot outside. 

b) You win the contest if and only if you hold the only winning ticket. 

c) You get promoted if and only if you have connections. 

d) Your mind will decay if and only if you watch television. 

e) The train runs late if and only if it is a day I take the train. 

27. Many forms of the answers for this exercise are possible. 

a) One form of the converse that reads well in English is "I will ski tomorrow only if it snows today." We 

could state the contrapositive as ''If I don't ski tomorrow, then it will not have snowed today." The inverse is 

"If it does not snow today, then I will not ski tomorrow." 

b) The proposition as stated can be rendered "If there is going to be a quiz, then I will come to class." The 

converse is "If I come to class, then there will be a quiz." (Or, perhaps even better, "I come to class only if 

there's going to be a quiz.") The contrapositive is "If I don't come to class, then there won't be a quiz." The 
inverse is "If there is not going to be a quiz, then I don't come to class.'' 

c) There is a variable ("a positive integer") in this sentence, so technically it is not a proposition. Nevertheless, 

we can treat sentences such as this in the same way we treat propositions. Its converse is "A positive integer 

is a prime if it has no divisors other than 1 and itself." (Note that this can be false, since the number 1 
satisfies the hypothesis but not the conclusion.) The contrapositive of the original proposition is "If a positive 

integer has a divisor other than 1 and itself, then it is not prime." (We are simplifying a bit here, replacing 

''does not have no divisors" by "has a divisor." Note that this is always true, assuming that we are talking 

about positive divisors.) The inverse is "If a positive integer is not prime, then it has a divisor other than 1 

and itself." 

29. A truth table will need 2n rows if there are n variables. 

a)21 =2 b)24 =16 c)26 =64 d)24 =16 

31. To construct the truth table for a compound proposition, we work from the inside out. In each case, we will 
show the intermediate steps. In part ( d), for example, we first construct the truth table for p V q, then the 

truth table for p /\ q, and finally combine them to get the truth table for (p V q) -+ (p /\ q). For parts (a) 

and (b) we have the following table (column three for part (a), column four for part (b)). 
P 'P p/\-ip pV-ip 

T F F T 
F T F T 

For part ( c) we have the following table. 

p q -iq p v -iq (p v -iq) -+ q 

T T F T T 
T F T T F 
F T F F T 
F F T T F 

For part ( d) we have the following table. 

p q pVq p /\ q (p v q) -+ (p /\ q) 

T T T T T 
T F T F F 
F T T F F 
F F F F T 
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For part ( e) we have the following table. This time we have omitted the column explicitly showing the 

negations of p and q. Note that this true proposition is telling us that a conditional statement and its 

contrapositive always have the same truth value. 
p q p-+ q •q -+ 'P (p-+ q) f--7 (•q -+ •p) 

T T T T T 
T F F F T 
F T T T T 
F F T T T 

For part ( f) we have the following table. The fact that this proposition is not always true tells us that knowing 

a conditional statement in one direction does not tell us that the conditional statement is true in the other 

direction. 
p q p --'> q q-+ p (p-+ q) -+ (q-+ p) 

T T T T T 
T F F T T 
F T T F F 
F F T T T 

33. To construct the truth table for a compound proposition, we work from the inside out. In each case, we will 

show the intermediate steps. In part (a), for example, we first construct the truth table for p V q, then the 

truth table for p EB q, and finally combine them to get the truth table for (p V q) -+ (p EB q). For parts (a), 

(b), and ( c) we have the following table (column five for part (a), column seven for part (b), column eight 

for part ( c)). 

p q pVq pEB q (pV q) -+ (p EB q) p /\ q (p EB q) -+ (p /\ q) (pV q) EB (p/\ q) 

T T T F F T T F 
T F T T T F F T 
F T T T T F F T 
F F F F T F T F 

For part ( d) we have the following table. 

p q 'P p f--7 q •P ,_. q (p ,_. q) EB ( •P ,_. q) 
---

T T F T F T 
T F F F T T 
F T T F T T 
F F T T F T 

For part ( e) we need eight rows in our truth table, because we have three variables. 

p q r 'P •r p f--7 q •P ,_. •r (p ,_. q) EB (•p ,_. •r) 

T T T F F T T F 
T T F F T T F T 
T F T F F F T T 
T F F F T F F F 
F T T T F F F F 
F T F T T F T T 
F F T T F T F T 
F F F T T T T F 

For part (f) we have the following table. 
p q •q p EB q p EB •q (p EB q) -+ (p EB •q) 

T T F F T T 
T F T T F F 
F T F T F F 
F F T F T T 
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35. The techniques are the same as in Exercises 31-34. For parts (a) and (b) we have the following table (column 
four for part (a), column six for part (b)). 

37. 

p q •q p ---+ •q 'P -.p +-+ q 

T T F F F F 
T F T T F T 
F T F T T T 
F F T T T F 

For parts (c) and (d) we have the following table (columns six and seven, respectively). 

p q p ---+ q -.p 'P ---+ q (p---+ q) v ( •p---+ q) (p---+ q) /\ ( •p---+ q) 

T T T F T T T 
T F F F T T F 
F T T T T T T 
F F T T F T F 

For parts ( e) and ( f) we have the following table (this time we have not explicitly shown the columns for 
negation). Column five shows the answer for part (e), and column seven shows the answer for part (f). 

p q p +-+ q 'P +-+ q (p +-+ q) v (•p +-+ q) •P +-+ •q ( •p +-+ -.q) +-+ (p +-+ q) 

T T T F T T T 
T F F T T F T 
F T F T T F T 
F F T F T T T 

The techniques are the same as in Exercises 31-36, except that there are now three variables and therefore 

eight rows. For part (a), we have 

p q r •q •q Vr p ---+ ( •q V r) 

T T T F T T 
T T F F F F 
T F T T T T 
T F F T T T 
F T T F T T 
F T F F F T 
F F T T T T 
F F F T T T 

For part (b), we have 

p q r -.p q ---+ r -.p ---+ ( q ---+ r) 

T T T F T T 
T T F F F T 
T F T F T T 
T F F F T T 
F T T T T T 
F T F T F F 
F F T T T T 
F F F T T T 

Parts ( c) and ( d) we can combine into a single table. 



Section 1.1 Propositional Logic 7 

p q r p ____, q •p 'P ____, r (p ____, q) V (•p ____, r) (p ____, q) A ( •p ____, r) 

T T T T F T T T 
T T F T F T T T 
T F T F F T T F 
T F F F F T T F 
F T T T T T T T 
F T F T T F T F 
F F T T T T T T 
F F F T T F T F 

For part ( e) we have 
p q r p <,--+ q •q •q ,,._, r (p ,,._, q) V ( •q ,,._, r) 

T T T T F F T 
T T F T F T T 
T F T F T T T 
T F F F T F F 
F T T F F F F 
F T F F F T T 
F F T T T T T 
F F F T T F T 

Finally, for part ( f) we have 
p q r •P •q •p <,--+ •q q ,,._, r ( •P ,,__, •q) ,,__, (q ,,__, r) 

T T T F F T T T 
T T F F F T F F 
T F T F T F F T 
T F F F T F T F 
F T T T F F T F 
F T F T F F F T 
F F T T T T F F 
F F F T T T T T 

39. This time the truth table needs 24 = 16 rows. Note the systematic order in which we list the possibilities. 
p q r s p <,--+ q r ,,._, s (p ,,._, q) ,,._, ( r ,,._, s) 

T T T T T T T 
T T T F T F F 
T T F T T F F 
T T F F T T T 
T F T T F T F 
T F T F F F T 
T F F T F F T 
T F F F F T F 
F T T T F T F 
F T T F F F T 
F T F T F F T 
F T F F F T F 
F F T T T T T 
F F T F T F F 
F F F T T F F 
F F F F T T T 

41. The first clause (p V q V r) is true if and only if at least one of p, q, and r is true. The second clause 

( •p V •q V •r) is true if and only if at least one of the three variables is false. Therefore both clauses are true, 

and therefore the entire statement is true, if and only if there is at least one T and one F among the truth 
values of the variables, in other words, that they don't all have the same truth value. 
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43. a) bitwise OR = 111 1111; bitwise AND= 000 0000; bitwise XOR = 1111111 

b) bitwise OR = 1111 1010; bitwise AND= 1010 0000; bitwise XOR = 0101 1010 

c) bitwise OR= 10 01111001; bitwise AND= 00 0100 0000; bitwise XOR= 10 00111001 

d) bitwise OR= 1111111111; bitwise AND= 00 0000 0000; bitwise XOR= 1111111111 

45. For "Fred is not happy," the truth value is 1 - 0.8 = 0.2. 

For "John is not happy,'' the truth value is 1- 0.4 = 0.6. 

47. For "Fred is happy, or John is happy,'' the truth value is max(0.8, 0.4) = 0.8. 

For ''Fred is not happy, or John is not happy," the truth value is max(0.2, 0.6) = 0.6 (using the result of 

Exercise 45). 

49. One great problem-solving strategy to try with problems like this, when the parameter is large ( 100 statements 

here) is to lower the parameter. Look at a simpler problem, with just two or three statements, and see if you 
can figure out what's going on. That was the approach used to discover the solution presented here. 

a) Some number of these statements are true, so in fact exactly one of the statements must be true and the 

other 99 of them must be false. That is what the 99th statement is saying, so it is true and the rest are false. 

b) The 10oth statement cannot be true, since it is asserting that all the statements are false. Therefore it must 
be false. That makes the first statement true. Now if the 99th statement were true, then we would conclude 
that statements 2 through 100 were false, which contradicts the truth of statement 99. So statement 99 

must be false. That means that statement 2 is true. We continue in this way and conclude that statements 

1 through 50 are all true and statements 51 through 100 are all false. 

c) If there are an odd number of statements, then we'd run into a contradiction when we got to the middle. If 
there were just three statements, for example, then statement 3 would have to be false, making statement 1 

true, and now the truth of statement 2 would imply its falsity and its falsity would imply its truth. Therefore 

this situation cannot occur with three (or any odd number of) statements. It is a logical paradox, showing 

that in fact these are not statements after all. 

SECTION 1.2 Applications of Propositional Logic 

Applications of propositional logic abound in computer science, puzzles, and everyday life. For example, much 

of the operation of our legal system is based on conditional statements. Boolean searches are increasingly 

important in using the Web (see Exercises 13-14 for example). 

1. Recall that '' q unless •p" is another way to state p _, q. In this problem, •P is a, so p is •a; and q is •e. 
Therefore the statement here is •a _, •e. This could also be stated equivalently as e _, a (if you can edit, 

then you must be an administrator). 

3. Recall that p only if q means p _, q. In this case, if you can graduate then you must have fulfilled the three 

listed requirements. Therefore the statement is g _, (r /\ (•m) /\ (•b)). Notice that in everyday life one might 

actually say "You can graduate if you do these things," but logically that is not what the rules really say. 

5. This is similar to Exercise 3. If you are eligible to be President, then you must satisfy the requirements: 

e _, (a/\ (b V p) /\ r). Notice that it is only the requirement of being native-born that can be overridden by 

having parents who were citizens, so b V p is grouped as one of the three conditions. 
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7. a) Since "whenever" means "if," we have q---+ p. 

b) Since "but" means "and," we have q /\ 'P. 

c) This sentence is saying the same thing as the sentence in part (a), so the answer is the same: q---+ p. 

d) Again, we recall that "when" means "if" in logic: •q---+ •p. 

9. Let m, n, k, and i represent the propositions ''The system is in multiuser state," "The system is operating 

normally," "The kernel is functioning,'' and "The system is in interrupt mode," respectively. Then we want 

to make the following expressions simultaneously true by our choice of truth values for m, n, k, and i: 

m ,,_.. n, n ---+ k, -,kV i, -im ---+ i, -,i 

In order for this to happen, clearly i must be false. In order for •m ---+ i to be true when i is false, the 

hypothesis •m must be false, so m must be true. Since we want m ,,_.. n to be true, this implies that n must 

also be true. Since we want n ---+ k to be true, we must therefore have k true. But now if k is true and i is 
false, then the third specification, •kV i is false. Therefore we conclude that this system is not consistent. 

11. Let s be "The router can send packets to the edge system"; let a be "The router supports the new address 

space"; let r be "The latest software release is installed." Then we are told s ---+ a, a ---+ r, r ---+ s, and 

•a. Since a is false, the first conditional statement tells us that s must be false. From that we deduce from 

the third conditional statement that r must be false. If indeed all three propositions are false, then all four 

specifications are true, so they are consistent. 

13. This is similar to Example 6, about universities in New Mexico. To search for beaches in New Jersey. we could 

enter NEW AND JERSEY AND BEACHES. If we enter (JERSEY AND BEACHES) NOT NEW, then 

we'll get websites about beaches on the isle of Jersey, except for sites that happen to use the word "new" in a 

different context (e.g., a recently opened beach there). If we were sure that the word "isle" was in the name 

of the location, then of course we could enter ISLE AND JERSEY AND BEACHES. 

15. There are many correct answers to this problem, but all involve some sort of double layering, or combining a 

question about the kind of person being addressed with a question about the information being sought. One 

solution is to ask this question: "If I were to ask you whether the right branch leads to the ruins, would you 

say 'yes'?" If the villager is a truth-teller, then of course he will reply "yes" if and only if the right branch 

leads to the ruins. Now let us see what the liar says. If the right branch leads to the ruins, then he would say 

"no" if asked whether the right branch leads to the ruins. Therefore, the truthful answer to your convoluted 

question is "no." Since he always lies, he will reply "yes." On the other hand, if the right branch does not lead 

to the ruins, then he would say "yes'' if asked whether the right branch leads to the ruins; and so the truthful 

answer to your question is "yes"; therefore he will reply "no." Note that in both cases, he gives the same 

answer to your question as the truth-teller; namely, he says "yes" if and only if the right branch leads to the 

ruins. A more detailed discussion can be found in Martin Gardner's Scientific American Book of Mathematical 

Puzzles and Diversions (Simon and Schuster, 1959), p. 25; reprinted as Hexafiexagons and Other Mathematical 

Diversions: The First Scientific American Book of Puzzles and Games (University of Chicago Press, 1988). 

17. The question was "Does everyone want coffee?" If the first professor did not want coffee, then he would 

know that the answer to the hostess's question was "no." Therefore we-and the hostess and the remaining 

professors-know that the first professor does want coffee. The same argument applies to the second professor, 

so she, too, must want coffee. The third professor can now answer the question. Because she said "no,'' we 

conclude that she does not want coffee. Therefore the hostess knows to bring coffee to the first two professors 

but not to the third. 
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19. If A is a knight, then he is telling the truth, in which case B must be a knave. Since B said nothing, that 
is certainly possible. If A is a knave, then he is lying, which means that his statement that at least one of 

them is a knave is false; hence they are both knights. That is a contradiction. So we can conclude that A is 

a knight and B is a knave. 

21. If A is a knight, then he is telling the truth, in which case B must be a knight as well, since A is not a knave. 
(If p V q and •p are both true, then q must be true.) Since B said nothing, that is certainly possible. If A 

is a knave, then his statement is patently true, but that is a contradiction to the behavior of knaves. So we 

can conclude that A is a knight and B is a knight. 

23. If A is a knight, then he should be telling the truth, but he is asserting that he is a knave. So that cannot 
be. If A is a knave, then in order for his statement to be false, B must be a knight. So we can conclude that 
A is a knave and B is a knight. 

25. Neither the knight nor the knave would say that he is the knave, so B must be the spy. Therefore C is lying 

and must be the knave, and A is therefore the knight (and told the truth). 

27. We know that B is not the knight, because if he were, then his assertion that A is telling the truth would 

mean that there were two knights. Clearly C is not the knight, because he claims he is the spy. Therefore 

A is the knight. That means that B was telling the truth, so he must be the spy. And C is the knave, who 

falsely asserts that he is the spy. 

29. We can tell nothing here; each of the six permutations is possible. The knight will always say that he is the 

knight; the knave will always lie, so he might also say that he is the knight; and the spy may lie and say that 

he is the knight. 

31. If there were a solution, then whoever is the knave here is speaking the truth when he says that he is not the 

spy. Because knaves always lie, we get a contradiction. Therefore there are no solutions. 

33. Because of the first piece of information that Steve has, let's assume first that Fred is not the highest paid. 

Then Janice is. Therefore Janice is not the lowest paid, so by the second piece of information that Steve has, 

Maggie is the highest paid. But that is a contradiction. Therefore we know that Fred is the highest paid. 

Next let's assume that Janice is not the lowest paid. Then our second fact implies that Maggie is the highest 

paid. But that contradicts the fact that Fred is the highest paid. Therefore we know that Janice is the lowest 

paid. So it appears that the only hope of a consistent set of facts is to have Fred paid the most, Maggie next, 

and Janice the least. (We have just seen that any other assumption leads to a contradiction.) This assumption 

does not contradict either of our two facts, since in both cases, the hypothesis is false. 

35. Let's use the letters B, C, G, and H for the statements that the butler, cook, gardner, and handyman are 

telling the truth, respectively. We can then write each fact as a true proposition: B -+ C; •(CA G), which 

is equivalent to ·CV --,Q (see the discussion of De Morgan's law in Section 1.3); •( •G A ·H), which is 

equivalent to G V H; and H -+ ·C. Suppose that B is true. Then it follows from the first of our propositions 

that C must also be true. This tells us (using the second proposition) that G must be false, whence the third 

proposition makes H true. But now the fourth proposition is violated. Therefore we conclude that B cannot 

be true. If fact, the argument we have just given also proves that C cannot be true. Therefore we know that 

the butler and the cook are lying. This much already makes the first, second, and fourth propositions true, 

regardless of the truth of G or H. Thus either the gardner or the handyman could be lying or telling the 

truth; all we know (from the third proposition) is that at least one of them is telling the truth. 
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37. If the first sign were true, then the second sign would also be true. In that case, we could not have one true 

sign and one false sign. Rather, the second sign is true and the first is false; there is a lady in the second room 
and a tiger in the first room. 

39. The given conditions imply that there cannot be two honest senators. Therefore, since we are told that there 

is at least one honest senator, there must be exactly 49 corrupt senators. 

41. a) The output of the OR gate is q V •r. Therefore the output of the AND gate is p /\ ( q V •r). Therefore the 

output of this circuit is •(P /\ ( q V •r)). 
b) The output of the top AND gate is ( •p) /\ ( •q). The output of the bottom AND gate is p /\ r. Therefore 

the output of this circuit is ( ( •p) /\ ( •q)) V (p /\ r). 

43. We have the inputs come in from the left, in some cases passing through an inverter to form their negations. 

Certain pairs of them enter OR gates, and the outputs of these and other negated inputs enter AND gates. 

The outputs of these AND gates enter the final OR gate. 

SECTION 1.3 Propositional Equivalences 

1. 

The solutions to Exercises 1-10 are routine; we use truth tables to show that a proposition is a tautology or 

that two propositions are equivalent. The reader should do more than this, however; think about what the 

equivalence is saying. See Exercise 11 for this approach. Some important topics not covered in the text are 

introduced in this exercise set, including the notion of the dual of a proposition, disjunctive normal form 

for propositions, functional completeness, satisfiability, and two other logical connectives, NAND and 

NOR. Much of this material foreshadows the study of Boolean algebra in Chapter 12. 

First we construct the following truth tables, for the propositions we are asked to deal with. 
p p/\ T pVF pt\ F pVT pVp p /\ p 

T T T F T T T 
F F F F T F F 

The first equivalence, p /\ T = p, is valid because the second column p /\ T is identical to the first column p. 

Similarly, part (b) comes from looking at columns three and one. Since column four is a column of F's, and 

column five is a column of T's, part ( c) and part ( d) hold. Finally, the last two parts follow from the fact 

that the last two columns are identical to the first column. 
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3. We construct the following truth tables. 
p q pVq qVp p/\ q q /\p 

T T T T T T 
T F T T F F 
F T T T F F 
F F F F F F 

Part (a) follows from the fact that the third and fourth columns are identical; part (b) follows from the fact 

that the fifth and sixth columns are identical. 

5. We construct the following truth table and note that the fifth and eighth columns are identical. 
p q r qVr p/\(qVr) p /\ q p /\ r (p/\q) V (p/\r) 

T T T T T T T T 
T T F T T T F T 
T F T T T F T T 
T F F F F F F F 
F T T T F F F F 
F T F T F F F F 
F F T T F F F F 
F F F F F F F F 

7. De Morgan's laws tell us that to negate a conjunction we form the disjunction of the negations, and to negate 
a disjunction we form the conjunction of the negations. 

a) This is the conjunction "Jan is rich, and Jan is happy." So the negation is "Jan is not rich, or Jan is not 

happy." 

b) This is the disjunction '"Carlos will bicycle tomorrow, or Carlos will run tomorrow." So the negation is 
''Carlos will not bicycle tomorrow, and Carlos will not run tomorrow." We could also render this as ''Carlos 
will neither bicycle nor run tomorrow.'' 

c) This is the disjunction ''Mei walks to class, or Mei takes the bus to class." So the negation is ''Mei does 

not walk to class, and Mei does not take the bus to class." (Maybe she gets a ride with a friend.) We could 

also render this as ''Mei neither walks nor takes the bus to class." 

d) This is the conjunction ''Ibrahim is smart, and Ibrahim is hard working." So the negation is "Ibrahim is 

not smart, or Ibrahim is not hard working.'' 

9. We construct a truth table for each conditional statement and note that the relevant column contains only 

T's. For parts (a) and (b) we have the following table (column four for part (a), column six for part (b)). 
E____!l_ p /\ q (p /\ q) --+ p p v q p --+ (p v q) 

T T T T T T 
T F F T T T 
F T F T T T 
F F F T F T 

For parts ( c) and ( d) we have the following table (columns five and seven, respectively). 

P q 'P P-+ q 'P -+ (p-+ q) P /\ q (p /\ q) -+ (p--+ q) 

TT F T T T T 
TF F F T F T 
F T 
F F 

T 
T 

T 
T 

T 
T 

F 
F 

T 
T 

For parts (e) and (f) we have the following table. Column five shows the answer for part (e), and column 

seven shows the answer for part ( f). 
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p q p ---'> q •(p ---'> q) •(p ---'> q) ---'> p •q •(p ---'> q) ---'> -,q 

T T T F T F T 
T F F T T T T 
F T T F T F T 
F F T F T T T 

11. Here is one approach: Recall that the only way a conditional statement can be false is for the hypothesis to be 

true and the conclusion to be false; hence it is sufficient to show that the conclusion must be true whenever the 

hypothesis is true. An alternative approach that works for some of these tautologies is to use the equivalences 

given in this section and prove these "algebraically." We will demonstrate this second method in some of the 

solutions. 

a) If the hypothesis is true, then by the definition of /\ we know that p is true. Hence the conclusion is also 

true. For an algebraic proof, we exhibit the following string of equivalences, each one following from one of the 

laws in this section: (p /\ q) ---+ p = -, (p /\ q) V p = ( •p V •q) V p = ( •q V •p) V p = •q V ( •P V p) = •q V T = T. 
The first logical equivalence is the first equivalence in Table 7 (with p /\ q playing the role of p, and p playing 

the role of q ); the second is De Morgan's law; the third is the commutative law; the fourth is the associative 

law; the fifth is the negation law (with the commutative law); and the sixth is the domination law. 

b) If the hypothesis p is true, then by the definition of V, the conclusion p V q must also be true. 

c) If the hypothesis is true, then p must be false; hence the conclusion p ---+ q is true, since its hypothesis is 

false. Symbolically we have •p---+ (p---+ q) = ••p V (•P V q) = p V (•p V q) = (p V •p) V q =TV q = T. 

d) If the hypothesis is true, then by the definition of /\ we know that q must be true. This makes the 

conclusion p ---+ q true, since its conclusion is true. 

e) If the hypothesis is true, then p ---+ q must be false. But this can happen only if p is true, which is precisely 

what we wanted to show. 

f) If the hypothesis is true, then p ---+ q must be false. But this can happen only if q is false, which is precisely 

what we wanted to show. 

13. We first construct truth tables and verify that in each case the two propositions give identical columns. The 

fact that the fourth column is identical to the first column proves part (a), and the fact that the sixth column 
is identical to the first column proves part {b). 

p q p /\ q p v (p /\ q) p v q p /\ (p v q) 

T T T T T T 
T F F T T T 
F T F F T F 
F F F F F F 

Alternately, we can argue as follows. 

a) If p is true, then p V (p /\ q) is true, since the first proposition in the disjunction is true. On the other 

hand, if p is false, then both parts of the disjunction are false. Hence p V (p /\ q) always has the same truth 

value as p does, so the two propositions are logically equivalent. 

b) If p is false, then p /\ (p V q) is false, since the first proposition in the conjunction is false. On the other 
hand, if p is true, then both parts of the conjunction are true. Hence p /\ (p V q) always has the same truth 

value as p does, so the two propositions are logically equivalent. 

15. We need to determine whether we can find an assignment of truth values to p and q to make this proposition 
false. Let us try to find one. The only way that a conditional statement can be false is for the hypothesis to 

be true and the conclusion to be false. Hence we must make •P false, which means we must make p true. 

Furthermore, in order for the hypothesis to be true, we will need to make q false, so that the first part of 

the conjunction will be true. But now with p true and q false, the second part of the conjunction is false. 
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Therefore the entire hypothesis is false, so this assignment will not yield a false conditional statement. Since 
we have argued that no assignment of truth values can make this proposition false, we have proved that this 
proposition is a tautology. (An alternative approach would be to construct a truth table and see that its final 

column had only T's in it.) This tautology is telling us that if we know that a conditional statement is true, 

and that its conclusion is false, then we can conclude that its antecedent is also false. 

17. The proposition -.(p f--7 q) is true when p and q do not have the same truth values, which means that p and 
q have different truth values (either p is true and q is false, or vice versa). These are exactly the cases in 

which p f--7 -.q is true. Therefore these two expressions are true in exactly the same instances, and therefore 

are logically equivalent. 

19. The proposition -.p f--7 q is true when -.p and q have the same truth values, which means that p and q have 
different truth values (either p is true and q is false, or vice versa). By the same reasoning, these are exactly 

the cases in which p f--7 --iq is true. Therefore these two expressions are true in exactly the same instances, 

and therefore are logically equivalent. 

21. This is essentially the same as Exercise 17. The proposition -i(p f--7 q) is true when p f--7 q is false. Since 
p f--7 q is true when p and q have the same truth value, it is false when p and q have different truth values 

(either p is true and q is false, or vice versa). These are precisely the cases in which -.p f--7 q is true. 

23. We'll determine exactly which rows of the truth table will have F as their entries. In order for (p _, r) I\ ( q _, r) 
to be false, we must have at least one of the two conditional statements false, which happens exactly when r 

is false and at least one of p and q is true. But these are precisely the cases in which p V q is true and r is 

false, which is precisely when (p V q) _, r is false. Since the two propositions are false in exactly the same 

situations, they are logically equivalent. 

25. We'll determine exactly which rows of the truth table will have Fas their entries. In order for (p _, r)V(q _, r) 

to be false, we must have both of the two conditional statements false, which happens exactly when r is false 

and both p and q are true. But this is precisely the case in which p I\ q is true and r is false, which is precisely 

when (p I\ q) _, r is false. Since the two propositions are false in exactly the same situations, they are logically 

equivalent. 

27. This fact was observed in Section 1.1 when the biconditional was first defined. Each of these is true precisely 

when p and q have the same truth values. 

29. We will show that if p _, q and q _, r are both true, then p _, r is true. Thus we want to show that if p is 

true, then so is r. Given that p and p _, q are both true, we conclude that q is true; from that and q _, r 
we conclude that r is true, as desired. This can also be done with a truth table. 

31. To show that these are not logically equivalent, we need only find one assignment of truth values to p, q, and 

r for which the truth values of (p _, q) _, r and p _, (q _, r) differ. One such assignment is F for all three. 

Then (p _, q) _, r is false and p _, (q _, r) is true. 

33. To show that these are not logically equivalent, we need only find one assignment of truth values to p, q, r, 

and s for which the truth values of (p _, q) _, (r _, s) and (p _, r) _, (q _, s) differ. Let us try to make the 

first one false. That means we have to make r _, s false, so we want r to be true and s to be false. If we 

let p and q be false, then each of the other three simple conditional statements (p _, q, p _, r, and q _, s) 

will be true. Then (p-t q) _, (r _, s) will be T-t F, which is false; but (p-t r) _, (q _, s) will be T-t T, 

which is true. 
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35. We apply the rules stated in the preamble. 

a) pV-.qV-.r b) (pVqVr)/\s c) (p/\T)V(q/\F) 

37. If we apply the operation for forming the dual twice to a proposition, then every symbol returns to what it 

originally was. The /\ changes to the V, then changes back to the /\. Similarly the V changes to the /\, then 

back to the V. The same thing happens with the T and the F. Thus the dual of the dual of a proposition s, 
namely (s*)*, is equal to the original proposition s. 

39. Let p and q be two compound propositions involving only the operators /\, V, and -, ; we can also allow them 

to involve the constants T and F. We want to show that if p and q are logically equivalent, then p* and q* 
are logically equivalent. The trick is to look at 'P and -.q. They are certainly logically equivalent if p and 
q are. Now if p is a conjunction, say r /\ s, then 'P is logically equivalent, by De Morgan's law, to -.r V -.s; 

a similar statement applies if p is a disjunction. If r and/or s are themselves compound propositions, then 

we apply De Morgan's laws again to "push" the negation symbol -, deeper inside the formula, changing /\ to 

V and V to /\. We repeat this process until all the negation signs have been "pushed in" as far as possible 

and are now attached to the atomic (i.e., not compound) propositions in the compound propositions p and q. 

Call these atomic propositions p 1 , p2 , etc. Now in this process De Morgan's laws have forced us to change 

each /\ to V and each V to /\. Furthermore, if there are any constants T or F in the propositions, then they 

will be changed to their opposite when the negation operation is applied: -.T is the same as F, and -.F is the 

same as T. In summary, 'P and -.q look just like p* and q*, except that each atomic proposition p, within 
them is replaced by its negation. Now we agreed that 'P = -.q; this means that for every possible assignment 
of truth values to the atomic propositions p 1 , P2, etc., the truth values of 'P and -.q are the same. But 

assigning T to Pi is the same as assigning F to 'Pi , and assigning F to p, is the same as assigning T to 'Pi . 

Thus, for every possible assignment of truth values to the atomic propositions, the truth values of p* and q* 
are the same. This is precisely what we wanted to prove. 

41. There are three ways in which exactly two of p, q, and r can be true. We write down these three possibilities 

as conjunctions and join them by V to obtain the answer: (p /\ q /\ -.r) V (p /\ -.q /\ r) V (-.p /\ q /\ r). See 

Exercise 42 for a more general result. 

43. Given a compound proposition p, we can construct its truth table and then, by Exercise 42, write down a 

proposition q in disjunctive normal form that is logically equivalent to p. Since q involves only -, , /\, and 

V, this shows that -, , /\, and V form a functionally complete collection of logical operators. 

45. Given a compound proposition p, we can, by Exercise 43, write down a proposition q that is logically equivalent 

to p and uses only ', /\, and V. Now by De Morgan's law we can get rid of all the /\ 's by replacing each 

occurrence of P1 /\ P2 /\ · · · /\ Pn with the equivalent proposition -.(-.pi V 'P2 V · · · V 'Pn). 

47. The proposition -.(p /\ q) is true when either p or q, or both, are false, and is false when both p and q are 

true; since this was the definition of p I q, the two are logically equivalent. 

49. The proposition -.(p V q) is true when both p and q are false, and is false otherwise; since this was the 

definition of p l q, the two are logically equivalent. 

51. A straightforward approach, using the results of Exercise 50, parts (a) and (b), is as follows: (p ----+ q) = 
(-.p V q) =((pl p) V q) =(((pl p) l q) l ((pl p) l q)). If we allow the constant F in our expression, then a 

simpler answer is Fl ((Fl p) l q). 

53. This is clear from the definition, in which p and q play a symmetric role. 
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55. A truth table for a compound proposition involving p and q has four lines, one for each of the following 

combinations of truth values for p and q: TT, TF, FT, and FF. Now each line of the truth table for the 

compound proposition can be either T or F. Thus there are two possibilities for the first line; for each of those 

there are two possibilities for the second line, giving 2 · 2 = 4 possibilities for the first two lines; for each of 

those there are two possibilities for the third line, giving 4 · 2 = 8 possibilities for the first three lines; and 

finally for each of those, there are two possibilities for the fourth line, giving 8 · 2 = 16 possibilities altogether. 

This sort of counting will be studied extensively in Chapter 6. 

57. Let do, me, and in stand for the propositions "The directory database is opened,'' "The monitor is put 

in a closed state," and "The system is in its initial state,'' respectively. Then the given statement reads 

-iin ___, (do ___, me). By the third line of Table 7 (twice), this is equivalent to in V (-ido V me). In words, this 

says that it must always be true that either the system is in its initial state, or the data base is not opened, or 

the monitor is put in a closed state. Another way to render this would be to say that if the database is open, 
then either the system is in its initial state or the monitor is put in a closed state. 

59. Disjunctions are easy to make true, since we just have to make sure that at least one of the things being 

"or-ed" is true. In this problem, we notice that 'P occurs in four of the disjunctions, so we can satisfy all of 

them by making p false. Three of the remaining disjunctions contain r, so if we let r be true, those will be 
taken care of. That leaves only p V --.q V s and q V --.r V --.s , and we can satisfy both of those by making q and 
s both true. This assignment, then, makes all nine of the disjunctions true. 

61. a) With a little trial and error we discover that setting p = F and q = F produces (FVT) /\ (TVF) /\ (TVT), 

which has the value T. So this compound proposition is satisfiable. (Note that this is the only satisfying 
truth assignment.) 

b) We claim that there is no satisfying truth assignment here. No matter what the truth values of p and q 

might be, the four implications become T ___, T, T ___, F, F ___, T, and F ___, F, in some order. Exactly one 

of these is false, so their conjunction is false. 

c) This compound proposition is not satisfiable. In order for the first clause, p +-+ q, to be true, p and q must 
have the same truth value. In order for the second clause, (--.p) +-+ q, to be true, p and q must have opposite 
truth values. These two conditions are incompatible, so there is no satisfying truth assignment. 

63. This is done in exactly the same manner as was described in the text for a 9 x 9 Sudoku puzzle, with the 
variables indexed from 1 to 4, instead of from 1 to 9, and with a similar change for the propositions for the 

2 X 2 blocks: /\!=l v;=l p(2r + i, 2s + j, n). 

65. We just repeat the discussion in the text, with the roles of the rows and columns interchanged: To assert that 

column j contains the number n, we form v;=1 p(i,j,n). To assert that column j contains all 9 numbers, 

we form the conjunction of these disjunctions over all nine possible values of n, giving us Vi=l p( i, j, n). 
To assert that every column contains every number, we take the conjunction of Vi= 1 p(i,j,n) over all 

nine columns. This gives us v;=1 p( i, j, n). 
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SECTION 1.4 Predicates and Quantifiers 

The reader may find quantifiers hard to understand at first. Predicate logic (the study of propositions with 

quantifiers) is one level of abstraction higher than propositional logic (the study of propositions without 
quantifiers). Careful attention to this material will aid you in thinking more clearly, not only in mathematics 
but in other areas as well, from computer science to politics. Keep in mind exactly what the quantifiers mean: 

Yx means "for all x" or "for every x," and ::Jx means "there exists an x such that" or "for some x." It is 

good practice to read every such sentence aloud, paying attention to English grammar as well as meaning. It 

is very important to understand how the negations of quantified statements are formed, and why this method 

is correct; it is just common sense, really. 

The word "any" in mathematical statements can be ambiguous, so it is best to avoid using it. In negative 

contexts it almost always means "some" (existential quantifier), as in the statement "You will be suspended 

from school if you are found guilty of violating any of the plagiarism rules" (you don't have to violate all the 

rules to get into trouble-breaking one is sufficient). In positive contexts, however, it can mean either "some" 

(existential quantifier) or "every" (universal quantifier), depending on context. For example, in the sentence 
"The fraternity will be put on probation if any of its members is found intoxicated," the use is existential 

(one drunk brother is enough to cause the sanction); but in the sentence "Any member of the sorority will 

be happy to lead you on a tour of the house," the use is universal (every member is able to be the guide). 

Another interesting example is an exercise in a mathematics textbook that asks you to show that "the sum 

of any two odd numbers is even." The author clearly intends the universal interpretation here-you need to 

show that the sum of two odd numbers is always even. If you interpreted the question existentially, you might 

say, "Look, 3 + 5 = 8, so I've shown it is true--you said I could do it for any numbers, and those are the ones 

I chose.'' 

1. a) T, since 0 :::; 4 b) T, since 4 :::; 4 c) F, since 6 i 4 

3. a) This is true. 

b) This is false, since Lansing, not Detroit, is the capital. 

c) This is false (but Q(Boston, Massachusetts) is true). 

d) This is false, since Albany, not New York, is the capital. 

5. a) There is a student who spends more than five hours every weekday in class. 

b) Every student spends more than five hours every weekday in class. 

c) There is a student who does not spend more than five hours every weekday in class. 

d) No student spends more than five hours every weekday in class. (Or, equivalently, every student spends 

less than or equal to five hours every weekday in class.) 

7. a) This statement is that for every x, if x is a comedian, then x is funny. In English, this is most simply 
stated, "Every comedian is funny." 

b) This statement is that for every x in the domain (universe of discourse), x is a comedian and x is funny. 

In English, this is most simply stated, "Every person is a funny comedian." Note that this is not the sort 

of thing one wants to say. It really makes no sense and doesn't say anything about the existence of boring 

comedians; it's surely false, because there exist lots of x for which C(x) is false. This illustrates the fact that 

you rarely want to use conjunctions with universal quantifiers. 

c) This statement is that there exists an x in the domain such that if x is a comedian then x is funny. In 

English, this might be rendered, "There exists a person such that ifs/he is a comedian, then s/he is funny." 

Note that this is not the sort of thing one wants to say. It really makes no sense and doesn't say anything about 

the existence of funny comedians; it's surely true, because tbere exist lots of x for which C(x) is false (recall 
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the definition of the truth value of p -+ q). This illustrates the fact that you rarely want to use conditional 
statements with existential quantifiers. 

d) This statement is that there exists an x in the domain such that x is a comedian and x is funny. In 
English, this might be rendered, ''There exists a funny comedian" or "Some comedians are funny" or "Some 

funny people are comedians." 

9. a) We assume that this sentence is asserting that the same person has both talents. Therefore we can write 
3x(P(x) /\ Q(x)). 

b) Since "but" really means the same thing as "and" logically, this is 3x(P(x) /\ •Q(x)) 

c) This time we are making a universal statement: Vx(P(x) V Q(x)) 

d) This sentence is asserting the nonexistence of anyone with either talent, so we could write it as -,::Jx(P(x) V 

Q(x)). Alternatively, we can think of this as asserting that everyone fails to have either of these talents, and 

we obtain the logically equivalent answer 'v'x•(P(x) V Q(x)). Failing to have either talent is equivalent to 

having neither talent (by De Morgan's law), so we can also write this as Vx((•P(x)) /\ (•Q(x)). Note that it 

would not be correct to write Vx((•P(x)) V (•Q(x)) nor to write 'v'x•(P(x) /\ Q(x)). 

11. a) T, since 0 = 02 b) T, since 1 = 1 2 

d) F, since -1-=/:- (-1) 2 e) T (let x = 1) 

c) F, since 2 f 22 

f) F (let x = 2 ) 

13. a) Since adding 1 to a number makes it larger, this is true. 

b) Since 2 · 0 = 3 · 0, this is true. 

c) This statement is true, since 0 = -0. 

d) This is true for the nonnegative integers but not for the negative integers. For example, 3(-2) 'f:_ 4(-2). 

Therefore the universally quantified statement is false. 

15. Recall that the integers include the positive and negative integers and 0. 

a) This is the well-known true fact that the square of a real number cannot be negative. 

b) There are two real numbers that satisfy n 2 = 2, namely ±J2, but there do not exist any integers with 

this property, so the statement is false. 

c) If n is a positive integer, then n 2 
;:::: n is certainly true; it's also true for n = 0; and it's trivially true if n 

is negative. Therefore the universally quantified statement is true. 

d) Squares can never be negative; therefore this statement is false. 

17. Existential quantifiers are like disjunctions, and universal quantifiers are like conjunctions. See Examples 11 

and 16. 

a) We want to assert that P(x) is true for some x in the universe, so either P(O) is true or P(l) is true 

or P(2) is true or P(3) is true or P(4) is true. Thus the answer is P(O) V P(l) V P(2) V P(3) V P(4). The 

other parts of this exercise are similar. Note that by De Morgan's laws, the expression in part (c) is logically 

equivalent to the expression in part (f), and the expression in part (d) is logically equivalent to the expression 

in part (e). 

b) P(O) /\ P(l) /\ P(2) /\ P(3) /\ P(4) 

c) •P(O) V ·P(l) V ·P(2) V ·P(3) V ·P(4) 

d) ·P(O) /\ ·P(l) /\ ·P(2) /\ ·P(3) /\ ·P(4) 

e) This is just the negation of part (a): •(P(O) V P(l) V P(2) V P(3) V P(4)) 

f) This is just the negation of part (b): •(P(O) /\ P(l) /\ P(2) /\ P(3) /\ P(4)) 
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19. Existential quantifiers are like disjunctions, and universal quantifiers are like conjunctions. See Examples 11 

and 16. 

a) We want to assert that P(x) is true for some x in the universe, so either P(l) is true or P(2) is true or 

P(3) is true or P(4) is true or P(5) is true. Thus the answer is P(l) V P(2) V P(3) V P(4) V P(5). 

b) P(l) /\ P(2) /\ P(3) /\ P( 4) /\ P(5) 

c) This is just the negation of part (a): •(P(l) V P(2) V P(3) V P(4) V P(5)) 

d) This is just the negation of part (b): •(P(l) /\ P(2) /\ P(3) /\ P(4) /\ P(5)) 

e) The formal translation is as follows: (((1 =I- 3) -+ P(l)) /\ ((2 =I- 3) -+ P(2)) /\ ((3 =I- 3) -+ P(3)) /\ 

((4 =I- 3) -+ P(4)) /\ ((5 =I- 3) -+ P(5))) V (•P(l) V -.P(2) V -.P(3) V -.P(4) V ·P(5)). However, since the 

hypothesis x =I- 3 is false when x is 3 and true when x is anything other than 3, we have more simply 

(P(l) /\ P(2) /\ P(4) /\ P(5)) V (•P(l) v-.P(2) v-.P(3) V •P(4) V •P(5)). Thinking about it a little more, we 

note that this statement is always true, since if the first part is not true, then the second part must be true. 

21. a) One would hope that if we take the domain to be the students in your class, then the statement is true. If 

we take the domain to be all students in the world, then the statement is clearly false, because some of them 
are studying only other subjects. 

b) If we take the domain to be United States Senators, then the statement is true. If we take the domain to 

be college football players, then the statement is false, because some of them are younger than 21. 

c) If the domain consists of just Princes William and Harry of Great Britain (sons of the late Princess Diana), 

then the statement is true. It is also true if the domain consists of just one person (everyone has the same 

mother as him- or herself). If the domain consists of all the grandchildren of Queen Elizabeth II of Great 

Britain (of whom William and Harry are just two), then the statement is false. 

d) If the domain consists of Bill Clinton and George W. Bush, then this statement is true because they do not 

have the same grandmother. If the domain consists of all residents of the United States, then the statement 

is false, because there are many instances of siblings and first cousins, who have at least one grandmother in 

common. 

23. In order to do the translation the second way, we let C(x) be the propositional function "x is in your class." 

Note that for the second way, we always want to use conditional statements with universal quantifiers and 

conjunctions with existential quantifiers. 

a) Let H ( x) be "x can speak Hindi." Then we have 3x H ( x) the first way, or 3x ( C ( x) /\ H ( x)) the second 

way. 

b) Let F(x) be "x is friendly." Then we have 't:/x F(x) the first way, or 't:/x(C(x)-+ F(x)) the second way. 

c) Let B(x) be "x was born in California." Then we have 3x-.B(x) the first way, or 3x(C(x) /\ -.B(x)) the 

second way. 

d) Let M(x) be "x has been in a movie." Then we have 3xM(x) the first way, or 3x(C(x) /\ M(x)) the 

second way. 

e) This is saying that everyone has failed to take the course. So the answer here is 't:/x -.L(x) the first way, or 

't:/x(C(x)-+ -.L(x)) the second way, where L(x) is "x has taken a course in logic programming." 

25. Let P(x) be "x is perfect"; let F(x) be "x is your friend"; and let the domain (universe of discourse) be all 

people. 

a) This means that everyone has the property of being not perfect: 't:/x •P(x). Alternatively, we can write 

this as --,::Jx P(x), which says that there does not exist a perfect person. 

b) This is just the negation of "Everyone is perfect": --,\:/x P( x). 

c) If someone is your friend, then that person is perfect: 't:/x(F(x) -+ P(x)). Note the use of conditional 
statement with universal quantifiers. 
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d) We do not have to rule out your having more than one perfect friend. Thus we have simply :Jx(F(x)/\P(x)). 

Note the use of conjunction with existential quantifiers. 

e) The expression is Vx(F(x) /\ P(x)). Note that here we did use a conjunction with the universal quantifier, 

but the sentence is not natural (who could claim this?). We could also have split this up into two quantified 
statements and written (Vx F(x)) /\(\Ix P(x)). 

f) This is a disjunction. The expression is (--NxF(x)) V (:Jx....,P(x)). 

27. In all of these, we will let Y(x) be the propositional function that x is in your school or class, as appropriate. 

a) If we let V(x) be "x has lived in Vietnam," then we have :lx V(x) if the universe is just your schoolmates, 

or :Jx(Y(x) /\ V(x)) if the universe is all people. If we let D(x, y) mean that person x has lived in country y, 

then we can rewrite this last one as :Jx(Y(x) /\ D(x, Vietnam)). 

b) Ifwe let H(x) be "x can speak Hindi," then we have :Jx-,H(x) ifthe universe is just your schoolmates, 

or 3x(Y(x) /\ -iH(x)) if the universe is all people. If we let S(x, y) mean that person x can speak language y, 

then we can rewrite this last one as 3x(Y(x) /\ -,S(x, Hindi)). 

c) If we let J(x), P(x), and C(x) be the propositional functions asserting x 's knowledge of Java, Prolog, and 
C++, respectively, then we have :Jx(J(x) /\P(x) /\C(x)) if the universe is just your schoolmates, or :Jx(Y(x) /\ 

J(x) /\ P(x) /\ C(x)) if the universe is all people. If we let K(x, y) mean that person x knows programming 

language y, then we can rewrite this last one as 3x(Y(x) /\ K(x, Java)/\ K(x, Prolog) /\ K(x, C++ )) . 

d) If we let T(x) be "x enjoys Thai food," then we have VxT(x) if the universe is just your classmates, or 
Vx(Y(x) -+ T(x)) if the universe is all people. If we let E(x, y) mean that person x enjoys food of type y, 

then we can rewrite this last one as Vx(Y(x) -+ E(x, Thai)). 

e) If we let H ( x) be "x plays hockey,'' then we have 3x -,H ( x) if the universe is just your classmates, or 

:Jx(Y(x) /\ -iH(x)) if the universe is all people. If we let P(x, y) mean that person x plays game y, then we 
can rewrite this last one as :Jx(Y(x) /\ -iP(x, hockey)). 

29. Our domain (universe of discourse) here is all propositions. Let T(x) mean that x is a tautology and C(x) 

mean that x is a contradiction. Since a contingency is just a proposition that is neither a tautology nor a 

contradiction, we do not need a separate predicate for being a contingency. 

a) This one is just the assertion that tautologies exist: :Jx T(x). 

b) Although the word "all" or "every" does not appear here, this sentence is really expressing a universal 

meaning, that the negation of a contradiction is always a tautology. So we want to say that if x is a 

contradiction, then -ix is a tautology. Thus we have Vx(C(x) -+ T(-,x)). Note the rare use of a logical 

symbol (negation) applied to a variable ( x); this is purely a coincidence in this exercise because the universe 

happens itself to be propositions. 

c) The words "can be" are expressing an existential idea-that there exist two contingencies whose disjunction 

is a tautology. Thus we have :Jx:Jy( -iT(x) /\ -iC(x) /\ -iT(y) /\ -iC(y) /\ T(x Vy)). The same final comment as 

in part (b) applies here. Also note the explanation about contingencies in the preamble. 

d) As in part (b ), this is the universal assertion that whenever x and y are tautologies, then so is x /\ y; thus 

we have Vx\ly((T(x) /\ T(y)) -+ T(x /\ y)). 

31. In each case we just have to list all the possibilities, joining them with V if the quantifier is :J, and joining 

them with /\ if the quantifier is V. 

a) Q(O, 0,0) /\ Q(O, 1, 0) b) Q(O, 1, 1) V Q(l, 1, 1) V Q(2, 1, 1) 

c) -iQ(O, 0, 0) V -iQ(O, 0, 1) d) -iQ(O, 0, 1) V -iQ(l, 0, 1) V -iQ(2, 0, 1) 

33. In each case we need to specify some predicates and identify the domain (universe of discourse). 

a) Let T(x) be the predicate that x can learn new tricks, and let the domain be old dogs. Our original 

statement is :Jx T(x). Its negation is -,::Jx T(x), which we must to rewrite in the required manner as Vx -iT(x). 
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In English this reads "Every old dog is unable to learn new tricks" or "All old dogs can't learn new tricks." 

(Note that this does not say that not all old dogs can learn new tricks-it is saying something stronger than 

that.) More colloquially, we can say "No old dogs can learn new tricks." 

b) Let C(x) be the predicate that x knows calculus, and let the domain be rabbits. Our original statement 
is --.3x C(x). Its negation is, of course, simply 3x C(x). In English this reads "There is a rabbit that knows 

calculus.'' 

c) Let F(x) be the predicate that x can fly, and let the domain be birds. Our original statement is l::/x F(x). 
Its negation is --.1::/x F(x) (i.e., not all birds can fly), which we must to rewrite in the required manner as 

3x --.F ( x) . In English this reads "There is a bird who cannot fly." 

d) Let T(x) be the predicate that x can talk, and let the domain be dogs. Our original statement is --.3xT(x). 
Its negation is, of course, simply 3xT(x). In English this reads "There is a dog that talks." 

e) Let F(x) and R(x) be the predicates that x knows French and knows Russian, respectively, and let the 

domain be people in this class. Our original statement is --.3x(F(x) /\ R(x)). Its negation is, of course, simply 

3x(F(x) /\ R(x)). In English this reads "There is someone in this class who knows French and Russian." 

35. a) As we saw in Example 13, this is true, so there is no counterexample. 

b) Since 0 is neither greater than nor less than 0, this is a counterexample. 

c) This proposition says that 1 is the only integer-that every integer equals 1. If is obviously false, and any 

other integer, such as -111749, provides a counterexample. 

37. In each case we need to make up predicates. The answers are certainly not unique and depend on the choice 

of predicate, among other things. 

a) l::/x((F(x,25000) V S(x,25)) _, E(x)), where E(x) is "Person x qualifies as an elite flyer in a given year," 

F(x, y) is "Person x flies more than y miles in a given year,'' and S(x, y) is "Person x takes more than y 
flights in a given year" 

b) l::/x(((M(x)/\T(x, 3))V(•M(x)/\T(x, 3.5))) _, Q(x)), where Q(x) is "Person x qualifies for the marathon," 

l'vf(x) is "Person x is a man,'' and T(x, y) is "Person x has run the marathon in less than y hours" 

c) M _, ((H(60) V (H(45) /\ T)) /\ l::/yG(B,y)), where Mis the proposition ''The student received a masters 

degree," H(x) is "The student took at least x course hours," T is the proposition "The student wrote a 

thesis," and G(x, y) is "The person got grade x or higher in his course y" 

d) 3x ((T(x, 21) /\ G(x, 4.0)), where T(x, y) is "Person x took more than y credit hours" and G(x,p) is 

"Person x earned grade point average p" (we assume that we are talking about one given semester) 

39. In each case we pretty much just write what we see. 

a) If there is a printer that is both out of service and busy, then some job has been lost. 

b) If every printer is busy, then there is a job in the queue. 

c) If there is a job that is both queued and lost, then some printer is out of service. 

d) If every printer is busy and every job is queued, then some job is lost. 

41. In each case we need to make up predicates. The answers are certainly not unique and depend on the choice 

of predicate, among other things. 

a) (3x F(x, 10)) _, 3x S(x), where F(x, y) is "Disk x has more than y kilobytes of free space,'' and S(x) is 

"Mail message x can be saved" 

b) (3xA(x)) _, l::/x(Q(x) _, T(x)), where A(x) is ''Alert xis active," Q(x) is "Message xis queued," and 

T(x) is "Message x is transmitted" 

c) l::/x((x -1- main console)_, T(x)), where T(x) is "The diagnostic monitor tracks the status of system x" 

d) l::/x(•L(x) _, B(x)), where L(x) is "The host of the conference call put participant x on a special list'' 

and B(x) is "Participant x was billed" 
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43. A conditional statement is true if the hypothesis is false. Thus it is very easy for the second of these propositions 

to be true-just have P(x) be something that is not always true, such as "The integer x is a multiple of 2.'' 

On the other hand, it is certainly not always true that if a number is a multiple of 2, then it is also a multiple 

of 4, so if we let Q(x) be "The integer xis a multiple of 4,'' then \ix(P(:r) _, Q(x)) will be false. Thus these 

two propositions can have different truth values. Of course, for some choices of P and Q, they will have the 

same truth values, such as when P and Q are true all the time. 

45. Both are true precisely when at least one of P(x) and Q(x) is true for at least one value of x in the domain 

(universe of discourse). 

47. We can establish these equivalences by arguing that one side is true if and only if the other side is true. For 

both parts, we will look at the two cases: either A is true or A is false. 

a) Suppose that A is true. Then the left-hand side is logically equivalent to \:/xP(x), since the conjunction 

of any proposition with a true proposition has the same truth value as that proposition. By similar reasoning 

the right-hand side is equivalent to \ixP(x). Therefore the two propositions are logically equivalent in this 

case; each one is true precisely when P(x) is true for every x. On the other hand, suppose that A is false. 
Then the left-hand side is certainly false. Furthermore, for every x, P(x) A A is false, so the right-hand side 

is false as well. Thus in all cases, the two propositions have the same truth value. 

b) This problem is similar to part (a). If A is true, then both sides are logically equivalent to 3xP( x). If A 
is false, then both sides are false. 

49. We can establish these equivalences by arguing that one side is true if and only if the other side is true. For 

both parts, we will look at the two cases: either A is true or A is false. 

a) Suppose that A is true. Then for each x, P(x) _,A is true, because a conditional statement with a true 

conclusion is always true; therefore the left-hand side is always true in this case. By similar reasoning the 

right-hand side is always true in this case (here we used the fact that the domain is nonempty). Therefore the 

two propositions are logically equivalent when A is true. On the other hand, suppose that A is false. There 

are two sub cases. If P( x) is false for every x, then P( x) _, A is vacuously true (a conditional statement 

with a false hypothesis is true), so the left-hand side is vacuously true. The same reasoning shows that the 

right-hand side is also true, because in this subcase 3xP(x) is false. For the second subcase, suppose that 

P(x) is true for some x. Then for that x, P(x) _,A is false (a conditional statement with a true hypothesis 

and false conclusion is false), so the left-hand side is false. The right-hand side is also false, because in this 

subcase :3xP(.r) is true but A is false. Thus in all cases, the two propositions have the same truth value. 

b) This problem is similar to part (a). If A is true, then both sides are trivially true, because the conditional 

statements have true conclusions. If A is false, then there are two subcases. If P( x) is false for some x, 

then P(x) _,A is vacuously true for that x (a conditional statement with a false hypothesis is true), so the 

left-hand side is true. The same reasoning shows that the right-hand side is true, because in this subcase 

\ixP(x) is false. For the second subcase, suppose that P(x) is true for every x. Then for every x, P(x) _,A 

is false (a conditional statement with a true hypothesis and false conclusion is false), so the left-hand side is 

false (there is no x making the conditional statement true). The right-hand side is also false, because it is a 

conditional statement with a true hypothesis and a false conclusion. Thus in all cases, the two propositions 

have the same truth value. 

51. We can show that these are not logically equivalent by giving an example in which one is true and the other is 

false. Let P(x) be the statement "x is odd" applied to positive integers. Similarly let Q(x) be ''x is even." 

Then since there exist odd numbers and there exist even numbers, the statement 3xP(x) A 3xQ(x) is true. 

On the other hand, no number is both odd and even, so 3x(P(x) A Q(x)) is false. 
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53. a) This is certainly true: if there is a unique x satisfying P(x), then there certainly is an x satisfying P(x). 

b) Unless the domain (universe of discourse) has fewer than two items in it, the truth of the hypothesis 

implies that there is more than one x such that P(x) holds. Therefore this proposition need not be true. (For 

example, let P(x) be the proposition x2 2:: 0 in the context of the real numbers. The hypothesis is true, but 

there is not a unique x for which x2 2:: 0.) 
c) This is true: if there is an x (unique or not) such that P(x) is false, then we can conclude that it is not 
the case that P(x) holds for all x. 

55. A Prolog query returns a yes/no answer if there are no variables in the query, and it returns all values that 

make the query true if there are. 

a) One of the facts was that Chan was the instructor of Math 273, so the response is yes. 

b) None of the facts was that Patel was the instructor of CS 301, so the response is no. 

c) Prolog returns the names of the people enrolled in CS 301, namely juana and kiko. 

d) Prolog returns the names of the courses Kiko is enrolled in, namely math273 and cs301. 

e) Prolog returns the names of the students enrolled in courses which Grossman is the instructor for (which 

is just CS 301), namely juana and kiko. 

57. Following the idea and syntax of Example 28, we have the following rule: sibling(X, Y) :- mother(M,X), 

mother(M,Y), father(F,X), father(F,Y). Note that we used the comma to mean "and"; X and Y must 

have the same mother and the same father in order to be (full) siblings. 

59. a) This is the statement that every person who is a professor is not ignorant. In other words, for every person, 

if that person is a professor, then that person is not ignorant. In symbols: Vx(P(x) ---+ •Q(x)). This is not 

the only possible answer. We could equivalently think of the statement as asserting that there does not exist 

an ignorant professor: --,:Jx(P(x) /\ Q(x)). 

b) Every person who is ignorant is vain: Vx(Q(x)---+ R(x)). 

c) This is similar to part (a): Vx(P(x)---+ ·R(x)). 

d) The conclusion (part ( c)) does not follow. There may well be vain professors, since the premises do not 

rule out the possibility that there are vain people besides the ignorant ones. 

61. a) This is asserting that every person who is a baby is necessarily not logical: Vx(P(x)---+ •Q(x)). 

b) If a person can manage a crocodile, then that person is not despised: Vx(R(x)---+ •S(x)). 

c) Every person who is not logical is necessarily despised: Vx(•Q(x)---+ S(x)). 

d) Every person who is a baby cannot manage a crocodile: Vx(P(x)---+ ·R(x)). 

e) The conclusion follows. Suppose that x is a baby. Then by the first premise, x is illogical, and hence, 

by the third premise, x is despised. But the second premise says that if x could manage a crocodile, then 

x would not be despised. Therefore x cannot manage a crocodile. Thus we have proved that babies cannot 

manage crocodiles. 

SECTION 1.5 Nested Quantifiers 

Nested quantifiers are one of the most difficult things for students to understand. The theoretical definition of 

limit in calculus, for example, is hard to comprehend because it has three levels of nested quantifiers. Study 

the examples in this section carefully before attempting the exercises, and make sure that you understand the 

solutions to the exercises you have difficulty with. Practice enough of these until you feel comfortable. The 

effort will be rewarded in such areas as computer programming and advanced mathematics courses. 
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1. a) For every real number x there exists a real number y such that x is less than y. Basically, this is asserting 

that there is no largest real number-for any real number you care to name, there is a larger one. 

b) For every real number x and real number y, if x and y are both nonnegative, then their product is 

nonnegative. Or, more simply, the product of nonnegative real numbers is nonnegative. 

c) For every real number x and real number y, there exists a real number z such that xy = z. Or, more 

simply, the real numbers are closed under multiplication. (Some authors would include the uniqueness of z 

as part of the meaning of the word closed.) 

3. It is useful to keep in mind that x and y can be the same person, so sending messages to oneself counts in 

this problem. 

a) Formally, this says that there exist students x and y such that x has sent a message to y. In other words, 

there is some student in your class who has sent a message to some student in your class. 

b) This is similar to part (a) except that x has sent a message to everyone, not just to at least one person. 

So this says there is some student in your class who has sent a message to every student in your class. 

c) Note that this is not the same as part (b). Here we have that for every x there exists a y such that x has 

sent a message to y. In other words, every student in your class has sent a message to at least one student in 

your class. 

d) Note that this is not the same as part (c), since the order of quantifiers has changed. In part (c), y 
could depend on x; in other words, the recipient of the messages could vary from sender to sender. Here the 
existential quantification on y comes first, so it's the same recipient for all the messages. The meaning is that 
there is a student in your class who has been sent a message by every student in your class. 

e) This is similar to part ( c), with the role of sender and recipient reversed: every student in your class has 

been sent a message from at least one student in your class. Again, note that the sender can depend on the 

recipient. 

f) Every student in the class has sent a message to every student in the class. 

5. a) This simply says that Sarah Smith has visited www. att. com. 

b) To say that an x exists such that x has visited www. imdb. org is just to say that someone (i.e., at least 

one person) has visited www. imdb. org. 

c) This is similar to part (b). Jose Orez has visited some website. 

d) This is asserting that a y exists that both of these students has visited. In other words, Ashok Puri and 

Cindy Yoon have both visited the same website. 

e) When there are two quantifiers of opposite types, the sentence gets more complicated. This is saying that 

there is a person ( y) other than David Belcher who has visited all the websites that David has visited (i.e., for 

every website z, if David has visited z, then so has this person). Note that it is not saying that this person has 

visited only websites that David has visited (that would be the converse conditional statement)-this person 

may have visited other sites as well. 

f) Here the existence of two people is being asserted; they are said to be unequal, and for every website z, 
one of these people has visited z if and only if the other one has. In plain English, there are two different 

people who have visited exactly the same websites. 

7. a) Abdallah Hussein does not like Japanese cuisine. 

b) Note that this is the conjunction of two separate quantified statements. Some student at your school likes 

Korean cuisine, and everyone at your school likes Mexican cuisine. 

c) There is some cuisine that either Monique Arsenault or Jay Johnson likes. 

d) Formally this says that for every x and z, there exists a y such that if x and z are not equal, then it is 

not the case that both x and z like y. In simple English, this says that for every pair of distinct students at 
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your school, there is some cuisine that at least one them does not like. 

e) There are two students at your school who have exactly the same tastes (i.e., they like exactly the same 

cuisines). 

f) For every pair of students at your school, there is some cuisine about which they have the same opinion 

(either they both like it or they both do not like it). 

9. We need to be careful to put the lover first and the lovee second as arguments in the propositional function L. 

a) 'VxL(x, Jerry) 

b) Note that the "somebody" being loved depends on the person doing the loving, so we have to put the 

universal quantifier first: 'Vx3yL(x, y). 

c) In this case, one lovee works for all lovers, so we have to put the existential quantifier first: 3y'VxL(x, y). 

d) We could think of this as saying that there does not exist anyone who loves everybody ( -i3x'VyL(x, y) ), 
or we could think of it as saying that for each person, we can find a person whom he or she does not love 

('Vx3y-iL(x, y). These two expressions are logically equivalent. 

e) 3x-iL(Lydia, x) 
f) We are asserting the existence of an individual such that everybody fails to love that person: 3x'Vy-iL(y, x). 

g) In Exercises 52-54 of Section 1.4, we worked with a notation for the existence of a unique object satisfying 
a certain condition. Employing that device, we could write this as 3!x'VyL(y, x). In Exercise 52 of the present 

section we will discover a way to avoid this notation in general. What we have to say is that the x asserted 

here exists, and that every z satisfying this condition (of being loved by everybody) must equal x. Thus we 

obtain 3x('VyL(y, x) /\ 'Vz(('VwL(w, z)) -> z = x)). Note that we could have used y as the bound variable 

where we used w; since the scope of the first use of y had ended before we came to this point in the formula, 

reusing y as the bound variable would cause no ambiguity. 

h) We want to assert the existence of two distinct people, whom we will call x and y, whom Lynn loves, as 

well as make the statement that everyone whom Lynn loves must be either x or y: 3x3y(x =/=- y/\L(Lynn,x)/\ 

L(Lynn, y) /\ 'Vz(L(Lynn, z)-> (z = x V z = y))). 

i) 'VxL(x, x) (Note that nothing in our earlier answers ruled out the possibility that variables or constants 

with different names might be equal to each other. For example, in part (a), x could equal Jerry, so that 

statement includes as a special case the assertion that Jerry loves himself. Similarly, in part (h), the two 

people whom Lynn loves either could be two people other than Lynn (in which case we know that Lynn does 

not love herself), or could be Lynn herself and one other person.) 

j) This is asserting that the one and only one person who is loved by the person being discussed is in fact that 

person: 3x'Vy(L(x, y) +-+ x = y). 

11. a) We might want to assert that Lois is a student and Michaels is a faculty member, but the sentence doesn't 

really say that, so the simple answer is just A(Lois, Professor Michaels). 

b) To say that every student (as opposed to every person) has done this, we need to restrict our universally 
quantified variable to being a student. The easiest way to do this is to make the assertion being quantified 
a conditional statement. As a general rule of thumb, use conditional statements with universal quantifiers 
and conjunctions with existential quantifiers (see part (d), for example). Thus our answer is 'Vx(S(x) -> 

A(x,Professor Gross)). 

c) This is similar to part (b): 'Vx(F(x)-> (A(x,Professor Miller) V A(Professor Miller,x))). Note the need 
for parentheses in these answers. 

d) There is a student such that for every faculty member, that student has not asked that faculty member a 

question. Note how we need to include the Sand F predicates: 3x(S(x) /\ 'Vy(F(y)-> -,A(x, y))). We could 

also write this as 3x(S(x) /\ -i3y(F(y) /\ A(x, y))). 

e) This is very similar to part (d), with the role of the players reversed: 3x(F(x) /\ 'Vy(S(y)-> -iA(y,x))). 
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f) This is a little ambiguous in English. If the statement is that there is a very inquisitive student, one 

who has gone around and asked a question of every professor, then this is similar to part ( d), without the 

negation: 3x(S(x) /\ \:/y(F(y) ---> A(x, y))). On the other hand, the statement might be intended as asserting 

simply that for every professor, there exists some student who has asked that professor a question. In other 

words, the questioner might depend on the questionee. Note how the meaning changes with the change in 

order of quantifiers. Under the second interpretation the answer is \fy(F(y)---> 3x(S(x) /\ A(x, y))). The first 
interpretation is probably the intended one. 

g) This is pretty straightforward, except that we have to rule out the possibility that the askee is the same 

as the asker. Our sentence needs to say that there exists a faculty member such that for every other faculty 

member, the first has asked the second a question: 3x(F(x) /\ \fy((F(y) /\ y -:f x)---> A(x, y))). 

h) There is a student such that every faculty member has failed to ask him a question: 3x(S(x) /\ \fy(F(y)---> 
--.A(y, x))). 

13. Be careful to put in parentheses where needed; otherwise your answer can be either ambiguous or wrong. 

a) Clearly this is simply --.M(Chou, Koko). 

b) We can give two answers, which are equivalent by De Morgan's law: --.(M(Arlene, Sarah)VT(Arlene, Sarah)) 
or --.M(Arlene, Sarah)/\ --.T(Arlene, Sarah). 

c) Clearly this is simply --.M(Deborah, Jose). 

d) Note that this statement includes the assertion that Ken has sent himself a message: \fx M(x, Ken). 

e) We can write this in two equivalent ways, depending on whether we want to say that everyone has 
failed to phone Nina or to say that there does not exist someone who has phoned her: \fx --.T(x, Nina) or 

--.3x T(x, Nina). 

f) This is almost identical to part (d): Vx(T(x,Avi) V M(x,Avi)). 

g) To get the "else" in there, we have to make sure that y is different from x in our answer: 3x\fy(y # x ---> 

M(x, y)). 

h) This is almost identical to part (g): 3x\fy(y :f- x---> (M(x, y) V T(x, y))). 

i) We need to assert the existence of two distinct people who have sent e-mail both ways: 3x3y(x # y /\ 

M(x, y) /\ M(y, x)). 

j) Only one variable is needed: 3x M(x, x). 

k) This poor soul (x in our expression) did not receive a message or a phone call (i.e., did not receive a 

message and did not receive a phone call) from any person y other than possibly himself: 3x\fy(x -:f y ---> 

(--.M(y,x) f\--.T(y,x))). 

1) Here y is "another student": \:/x3y(x -:f y /\ (M(y, x) V T(y, x))). 

rn) This is almost identical to part (i): 3x3y(x -:f y /\ M(x, y) /\ T(y, x)). 

n) Note how the "everyone else" means someone different from both x and y in our expression (and note that 

there are four possibilities for how each such person z might be contacted): 3x3y(x # y /\ Vz((z # x /\ z :f­

y)---> (M(x, z) V M(y, z) V T(x, z) V T(y, z)))). 

15. The answers presented here are not the only ones possible; other answers can be obtained using different 

predicates and different variables, or by varying the domain (universe of discourse). 

a) \:/xN(x, discrete mathematics), where N(x, y) is "x needs a course in y" and the domain for x is computer 

science students and the domain for y is academic subjects 

b) 3xO(x,personal computer), where O(x,y) is "x owns y," and the domain for xis students in this class 

c) \:/x3yP(x,y), where P(x,y) is "x has taken y"; x ranges over students in this class, and y ranges over 

computer science courses 

d) 3x3yP(x, y), with the environment of part (c) (i.e., the same definition of P and the same domain) 
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e) Vx\lyP(x,y), where P(x,y) is "x has been in y"; x ranges over students in this class, and y ranges over 
buildings on campus 

f) 3x3y\lz(P(z,y)--+ Q(x,z)), where P(z,y) is ''z is in y" and Q(x,z) is "x has been in z"; x ranges over 

students in this class, y ranges over buildings on campus, and z ranges over rooms 

g) Vx\ly3z(P(z, y) /\ Q(x, z)), with the environment of part (f) 

17. a) We need to rule out the possibility that the user has access to another mailbox different from the one that 

is guaranteed: Vu3m(A(u, m) /\ Vn(n -1- m --+ ·A(u, n))), where A(u, m) means that user u has access to 

mailbox m. 

b) 3p\le(H(e)--+ S(p,running))-+ S(kernel,working correctly), where H(e) means that error condition e is 
in effect and S(x,y) means that the status of xis y. Obviously there are other ways to express this with 
different choices of predicates. Note that "only if" is the converse of "if,'' so the kernel's working properly is 

the conclusion, not the hypothesis. 

c) Vu\ls(E(s, .edu)--+ A(u,s)), where E(s,x) means that websites has extension x, and A(u,s) means that 

user u can access website s 

d) This is tricky, because we have to interpret the English sentence first, and different interpretations would 

lead to different answers. We will assume that the specification is that there exist two distinct systems such 

that they monitor every remote server, and no other system has the property of monitoring every remote 

system. Thus our answer is 3x3y(x -1- y /\ Vz((Vs M(z, s)) f-7 (z = x V z = y))), where M(a, b) means that 

system a monitors remote server b. Note that the last part of our expression serves two purposes-it says 

that x and y do monitor all servers, and it says that no other system does. There are at least two other 

interpretations of this sentence, which would lead to different legitimate answers. 

19. a) Vx\ly((x < 0) /\ (y < 0)--+ (x + y < 0)) 

b) What does "necessarily" mean in this context? The best explanation is to assert that a certain universal 

conditional statement is not true. So we have ---,\fx\ly((x > 0) /\ (y > 0)--+ (x - y > 0)). Note that we do 

not want to put the negation symbol inside (it is not true that the difference of two positive integers is never 

positive), nor do we want to negate just the conclusion (it is not true that the sum is always nonpositive). We 

could rewrite our solution by passing the negation inside, obtaining 3x3y((x > 0) /\ (y > 0) /\ (x - y:::; 0)). 

c) Vx\ly (x2 + y2 2: (x + y) 2 ) 

d) Vx\ly (lxyl = lxllYI) 

21. Vx3a3b3dd ((x > 0) --+ x = a 2 +b2 +c2 +d2 ), where the domain (universe of discourse) consists of all integers 

23. a) Vx\ly((x < 0) /\ (y < 0)--+ (xy > 0)) b)Vx(x-x=O) 

c) To say that there are exactly two objects that meet some condition, we must have two existentially quantified 

variables to represent the two objects, we must say that they are different, and then we must say that an 

object meets the conditions if and only if it is one of those two. In this case we have Vx3a3b (a -1- b /\ Vc(c2 = 
Xf-7 (c=aVc=b))). 

d) \Ix ((x < 0) --+ 0 3y (x = y2 )) where the domain (universe of discourse) consists of all real numbers 

25. a) This says that there exists a real number x such that for every real number y, the product xy equals y. 
That is, there is a multiplicative identity for the real numbers. This is a true statement, since x = 1 is the 

identity. 

b) The product of two negative real numbers is always a positive real number. 

c) There exist real numbers x and y such that x 2 exceeds y but x is less than y. This is true, since we can 

take x = 2 and y = 3, for instance. 
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d) This says that for every pair of real numbers x and y , there exists a real number z that is their sum. In 

other words, the real numbers are closed under the operation of addition, another true fact. (Some authors 

would include the uniqueness of z as part of the meaning of the word closed.) 

27. Recall that the integers include the positive and negative integers and 0. 

a) The import of this statement is that no matter how large n might be, we can always find an integer m 

bigger than n 2 . This is certainly true; for example, we could always take m = n 2 + 1. 

b) This statement is asserting that there is an n that is smaller than the square of every integer; note that 

n is not allowed to depend on m, since the existential quantifier comes first. This statement is true, since 
we could take, for instance, n = -3, and then n would be less than every square, since squares are always 

greater than or equal to 0. 

c) Note the order of quantifiers: m here is allowed to depend on n. Since we can take m = -n, this statement 

is true (additive inverses exist for the integers). 

d) Here one n must work for all m. Clearly n = 1 does the trick, so the statement is true. 

e) The statement is that the equation n 2 + m 2 = 5 has a solution over the integers. This is true; in fact there 

are eight solutions, namely n = ±1, m = ±2, and vice versa. 

f) The statement is that the equation n 2 + m 2 = 6 has a solution over the integers. There are only a small 

finite number of cases to try, since if lml or lnl were bigger than 2 then the left-hand side would be bigger 
than 6. A few minutes reflection shows that in fact there is no solution, so the existential statement is false. 

g) The statement is that the system of equations { n + m = 4, n - m = 1} has a solution over the integers. 

By algebra we see that there is a unique solution to this system, namely n = 2 m = 1 . Since there do not 

exist integers that make the equations true, the statement is false. 

h) The statement is that the system of equations {n + m = 4, n - m = 2} has a solution over the integers. 
By algebra we see that there is indeed an integral solution to this system, namely n = 3, m = 1. Therefore 
the statement is true. 

i) This statement says that the average of two integers is always an integer. If we take m = 1 and n = 2, 

for example, then the only p for which p = ( m + n) /2 is p = q , which is not an integer. Therefore the 
statement is false. 

29. a) P(l, 1) /\ P(l, 2) /\ P(l, 3) /\ P(2, 1) /\ P(2, 2) /\ P(2, 3) /\ P(3, 1) /\ P(3, 2) /\ P(3, 3) 

b) P(l, 1) V P(l, 2) V P(l, 3) V P(2, 1) V P(2, 2) V P(2, 3) V P(3, 1) V P(3, 2) V P(3, 3) 

c) (P(l, 1) /\ P(l, 2) /\ P(l, 3)) V (P(2, 1) /\ P(2, 2) /\ P(2, 3)) V (P(3, 1) /\ P(3, 2) /\ P(3, 3)) 

d) (P(l, 1) V P(2, 1) V P(3, 1)) /\ (P(l, 2) V P(2, 2) V P(3, 2)) /\ (P(l, 3) V P(2, 3) V P(3, 3)) 

Note the crucial difference between parts ( c) and ( d). 

31. As we push the negation symbol toward the inside, each quantifier it passes must change its type. For logical 

connectives we either use De Morgan's laws or recall that •(p----+ q) = p /\ --.q. 

a) 

b) 

c) 

--.\fx3y\fz T(x, y, z) = 3x--.3y\fz T(x, y, z) 

= 3x\fy---,\fzT(x,y,z) 

= 3x\fy3z--.T(x, y, z) 

--.(\fx3y P(x, y) V \fx3y Q(x, y)) = --.\fx3y P(x, y) /\ --.\fx3y Q(x, y) 

= 3x--.3yP(x,y) /\ 3x--.3yQ(x,y) 

= 3x\fy--.P(x, y) /\ 3x\fy---, Q(x, y) 



Section 1.5 

d) 

Nested Quantifiers 

-,'tfx3y(P(x, y) /\ 3z R(x, y, z)) = 3x-,3y(P(x, y) /\ 3z R(x, y, z)) 

= 3x'tly •(P(x, y) /\ 3z R(x, y, z)) 

= 3x't/y(•P(x, y) V -,3z R(x, y, z)) 

= 3x't/y(•P(x,y) V'tfz-,R(x,y,z)) 

•'tlx3y(P(x,y)-+ Q(x,y)) = 3x-,3y(P(x,y)-+ Q(x,y)) 

= 3x'Vy•(P(x,y)-+ Q(x,y)) 

= 3x't/y(P(x, y) /\ •Q(x, y)) 

29 

33. We need to use the transformations shown in Table 2 of Section 1.4, replacing -,'tj by 3-,, and replacing -,3 
by \;/-,. In other words, we push all the negation symbols inside the quantifiers, changing the sense of the 

quantifiers as we do so, because of the equivalences in Table 2 of Section 1.4. In addition, we need to use De 

Morgan's laws (Section 1.3) to change the negation of a conjunction to the disjunction of the negations and 

to change the negation of a disjunction to the conjunction of the negations. We also use the double negation 

law. 

a) 3x3y •P(x, y) b) 3y'tlx•P(x,y) 

c) We can think of this in two steps. First we transform the expression into the equivalent expression 

3y3x•(P(x,y) V Q(x,y)), and then we use De Morgan's law to rewrite this as 3y3x(•P(x,y) /\ •Q(x,y)). 

d) First we apply De Morgan's law to write this as a disjunction: (•3x3y•P(x,y)) V (•V'x't/yQ(x,y)). Then 

we push the negation inside the quantifiers, and note that the two negations in front of P then cancel out 

(••P(x,y) = P(x,y)). So our final answer is (V'x't/yP(x,y)) V (3x3y•Q(x,y)). 

e) First we push the negation inside the outer universal quantifier, then apply De Morgan's law, and fi­

nally push it inside the inner quantifiers: 3x-,(3y't/zP(x,y,z) /\ 3z't/yP(x,y,z)) = 3x(•3y't/zP(x,y,z) V 

-,3z't/yP(x,y,z)) = 3x(V'y3z-,P(x,y,z) VV'z3y•P(x,y,z)). 

35. If the domain (universe of discourse) has at least four members, then no matter what values are assigned to x, 

y, and z, there will always be another member of the domain, different from those three, that we can assign 

to w to make the statement true. Thus we can use a domain such as United States Senators. On the other 

hand, for any domain with three or fewer members, if we assign all the members to x, y, and z (repeating 
some if necessary), then there will be nothing left to assign to w to make the statement true. For this we can 

use a domain such as your biological parents. 

37. In each case we need to specify some predicates and identify the domain (universe of discourse). 

a) To get into the spirit of the problem, we should let T(x,y) be the predicate that x has taken y, where 

x ranges over students in this class and y ranges over mathematics classes at this school. Then our original 

statement is V'x3y3z(y =f. z /\ T(x,y) /\ T(x,z) /\ V'w(T(x,w) -+ (w = y V w = z))). Here y and z are 

the two math classes that x has taken, and our statement says that these are different and that if x has 
taken any math class w, then w is one of these two. We form the negation by using Table 2 of Section 1.4 

and De Morgan's law to push the negation symbol that we place before the entire expression inwards, to 

achieve 3x't/y't/z(y = z V •T(x, y) V •T(x, z) V 3w(T(x, w) /\ w =f. y /\ w =f. z)). This can also be expressed as 

3x't/y't/z(y =f. z-+ (•T(x,y) V •T(x,z) V 3w(T(x,w) /\ w =f. y /\ w =f. z))). Note that we formed the negation 
of a conditional statement by asserting that the hypothesis was true and the conclusion was false. In simple 

English, this last statement reads "There is someone in this class for whom no matter which two distinct math 

courses you consider, these are not the two and only two math courses this person has taken." 

b) Let V ( x, y) be the predicate that x has visited y, where x ranges over people and y ranges over countries. 

The statement seems to be asserting that the person identified here has visited country y if and only if 
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y is not Libya. So we can write this symbolically as :3x\iy(V(x, y) +---+ y =I- Libya). One way to form the 

negation of P +---+ Q is to write P +---+ -,Q; this can be seen by looking at truth tables. Thus the negation 

is \ix:3y(V(x, y) +---+ y = Libya). Note that there are two ways for a biconditional to be true; therefore in 

English this reads "For every person there is a country such that either that country is Libya and the person 

has visited it, or else that country is not Libya and the person has not visited it." More simply, ''For every 
person, either that person has visited Libya or else that person has failed to visit some country other than 
Libya." If we are willing to keep the negation in front of the quantifier in English, then of course we could 

just say "There is nobody who has visited every country except Libya," but that would not be in the spirit of 

the exercise. 

c) Let C ( x, y) be the predicate that x has climbed y, where x ranges over people and y ranges over mountains 
in the Himalayas. Our statement is -,::Jx\iy C(x, y). Its negation is, of course, simply :3x\iy C(x, y). In English 

this reads "Someone has climbed every mountain in the Himalayas." 

d) There are different ways to approach this, depending on how many variables we want to introduce. Let 

M(x, y, z) be the predicate that x has been in movie z with y, where the domains for x and y are movie 

actors, and for z is movies. The statement then reads: \ix((:3z lvl(x, Kevin Bacon, z))v(:3y:3zi:3z2 (M(x, y, z1)/\ 

M(y, Kevin Bacon, z2 )))). The negation is formed in the usual manner: :3x((Vz -,Af(x, Kevin Bacon, z)) /\ 

(\iy\iz1 \iz2 (-,M(x, y, z1) V -,Af(y, Kevin Bacon, z2 ) ))) . In simple English this means that there is someone who 

has neither been in a movie with Kevin Bacon nor been in a movie with someone who has been in a movie 

with Kevin Bacon. 

39. a) Since the square of a number and its additive inverse are the same, we have many counterexamples, such 

as x = 2 and y = - 2. 

b) This statement is saying that every number has a square root. If x is negative (like x = -4), or, since we 

are working in the domain of the integers, x is not a perfect square (like x = 6 ), then the equation y2 = x 

has no solution. 

c) Since negative numbers are not larger than positive numbers, we can take something like x = 17 and 

y = -1 for our counterexample. 

41. We simply want to say that a certain equation holds for all real numbers: \ix\iy\iz((x · y) · z = x · (y · z)). 

43. We want to say that for each pair of coefficients (the m and the b in the expression mx + b ), as long as m 

is not 0, there is a unique x making that expression equal to 0. So we write \im\ib(m =I- 0-+ :3x(mx + b = 
O /\ \iw(mw + b = 0-+ w = x))). Notice that the uniqueness is expressed by the last part of our proposition. 

45. This statement says that every number has a multiplicative inverse. 

a) In the universe of nonzero real numbers, this is certainly true. In each case we let y = 1/ x. 

b) Integers usually don't have inverses that are integers. If we let x = 3, then no integer y satisfies xy = 1. 

Thus in this setting, the statement is false. 

c) As in part (a) this is true, since 1/x is positive when x is positive. 

47. We use the equivalences explained in Table 2 of Section 1.4, twice: 

-,::Jx\iyP(x, y) = \fx-,\fyP(x, y) = \ix::Jy-,P(x, y) 

49. a) We prove this by arguing that whenever the first proposition is true, so is the second; and that whenever the 

second proposition is true, so is the first. So suppose that \ixP(x) /\ :3xQ(x) is true. In particular, P always 
holds, and there is some object, call it y, in the domain (universe of discourse) that makes Q true. Now to 

show that the second proposition is true, suppose that x is any object in the domain. By our assumptions, 

P(x) is true. Furthermore, Q(y) is true for the particular y we mentioned above. Therefore P(x) /\ Q(y) is 
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true for this x and y. Since x was arbitrary, we have showed that \/x3y(P(x) /\ Q(y)) is true, as desired. 

Conversely, suppose that the second proposition is true. Letting x be any member of the domain allows us to 

assert that there exists a y such that P(x) /\ Q(y) is true, and therefore Q(y) is true. Thus by the definition 

of existential quantifiers, 3xQ(x) is true. Furthermore, our hypothesis tells us in particular that \/xP(x) is 
true. Therefore the first proposition, \/xP(x) /\ 3xQ(x) is true. 

b) This is similar to part (a). Suppose that \/xP(x)V3xQ(x) is true. Thus either P always holds, or there is 

some object, call it y, in the domain that makes Q true. In the first case it follows that P(x) V Q(y) is true 

for all x, and so we can conclude that \/x3y(P(x) V Q(y)) is true (it does not matter in this case whether Q(y) 
is true or not). In the second case, Q(y) is true for this particular y, and so P(x) V Q(y) is true regardless of 

what x is. Again, it follows that \/x3y(P(x) V Q(y)) is true. Conversely, suppose that the second proposition 

is true. If P( x) is true for all x, then the first proposition must be true. If not, then P( x) fails for some x, 
but for this x there must be a y such that P(x) V Q(y) is true; hence Q(y) must be true. Therefore 3yQ(y) 
holds, and thus the first proposition is true. 

51. This will essentially be a proof by (structural) mathematical induction (see Sections 5.1-5.3), where we show 

how a long expression can be put into prenex normal form if the subexpressions in it can be put into prenex 

normal form. First we invoke the result of Exercise 45 from Section 1.3 to assume without loss of generality 

that our given proposition uses only the logical connectives V and --, . Then every proposition must either be a 

single propositional variable (like P), the disjunction of two propositions, the negation of a proposition, or the 

universal or existential quantification of a predicate. (There is a small technical point that we are sliding over 

here; disjunction and negation need to be defined for predicates as well as for propositions, since otherwise we 

would not be able to write down such things as \/x(P(x) /\ Q(x)). We assume that all that we have done for 
propositions applies to predicates as well.) 

Certainly every proposition that involves no quantifiers is already in prenex normal form; this is the base 

case of our induction. Next suppose that our proposition is of the form QxP(x), where Q is a quantifier. 

Then P(x) is a shorter expression than the given proposition, so (by the inductive hypothesis) we can put it 

into prenex form, with all of its quantifiers coming at the beginning. Then Qx followed by this prenex form 

is again in prenex form and is equivalent to the original proposition. Next suppose that our proposition is of 
the form --,p. Again, we can invoke the inductive hypothesis and assume that P is already in prenex form, 

with all of its quantifiers coming at its front. We now slide the negation symbol past all the quantifiers, using 

the equivalences in Table 2 of Section 1.4. For example, --,\fx3yR(x, y) becomes 3x\fy--,R(x, y), which is in 

prenex form. 

Finally, suppose that our given proposition is a disjunction of two propositions, P V Q, each of which can 

(again by the inductive hypothesis) be assumed to be in prenex normal form, with their quantifiers at the front. 

There are several cases. If only one of P and Q has quantifiers, then we invoke the result of Exercise 46 of 

Section 1.4 to bring the quantifier in front of both. We then apply our process to what remains. For example, 

P V \/xQ(x) is equivalent to \/x(P V Q(x)), and then P V Q(x) is put into prenex form. Another case is that 

the proposition might look like 3xR(x) V 3xS(x). In this case, by Exercise 45 of Section 1.4, the proposition 

is equivalent to 3x(R(x) V S(x)). Once again, by the inductive hypothesis we can then put R(x) V S(x) into 

prenex form, and so the entire proposition can be put into prenex form. Similarly, using Exercise 48 of the 

present section we can transform \/xR(x) V\/xS(x) into the equivalent \/x\/y(R(x) V S(y)); putting R(x) V S(y) 
into prenex form then brings the entire proposition into prenex form. Finally, if the proposition is of the form 

\/xR(x) V 3xQ(x), then we invoke Exercise 49b of the present section and apply the same construction. 

Note that this proof actually gives us the process for finding the proposition in prenex form equivalent to 

the given proposition-we just work from the inside out, dealing with one logical operation or quantifier at a 
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time. Here is an example: 

't:/xP(x) V -dx(Q(x) V 't:/yR(x, y)) = 't:/xP(x) V -dx't:/y(Q(x) V R(x, y)) 

= 't:/xP(x) V Vx:ly•(Q(x) V R(x, y)) 

:::::: 't:/x't:/z(P(x) V 3y•(Q(z) V R(z, y))) 

:::::: 't:/x't:/z:Jy(P(x) V •(Q(z) V R(z, y))) 

SECTION 1.6 Rules of Inference 

This section lays the groundwork for understanding proofs. You are asked to understand the logical rules of 

inference behind valid arguments, and you are asked to construct some highly stylized proofs using these rules. 

The proofs will become more informal in the next section and throughout the remainder of this book (and 
your mathematical studies). 

1. This is modus ponens. The first statement is p ____, q, where p is "Socrates is human" and q is "Socrates is 

mortal." The second statement is p. The third is q. Modus ponens is valid. We can therefore conclude that 

the conclusion of the argument (third statement) is true, because the hypotheses (the first two statements) 
are true. 

3. a) This is the addition rule. We are concluding from p that p V q must be true, where p is "Alice is a 

mathematics major" and q is ''Alice is a computer science major." 

b) This is the simplification rule. We are concluding from p A q that p must be true, where p is "Jerry is a 

mathematics major" and q is "Jerry is a computer science major." 

c) This is modus ponens. We are concluding from p ____, q and p that q must be true, where p is "it is rainy" 

and q is ''the pool will be closed.'' 

d) This is modus tollens. We are concluding from p ____, q and •q that •p must be true, where p is "it will 

snow today'' and q is ''the university will close today." 

e) This is hypothetical syllogism. We are concluding from p ____, q and q ____, r that p ____, r must be true, where 

p is "I will go swimming," q is ''I will stay in the sun too long," and r is "I will sunburn." 

5. Let w be the proposition "Randy works hard," let d be the proposition "Randy is a dull boy," and let j 

be the proposition "Randy will get the job." We are given premises w, w ____, d, and d ____, •j. We want to 

conclude •j. We set up the proof in two columns, with reasons, as in Example 6. 

Step 
1. w 
2. w----; d 

3. d 

4. d----; ·j 

5. ·j 

Reason 

Hypothesis 

Hypothesis 

Modus ponens using (2) and (3) 

Hypothesis 

Modus ponens using (3) and (4) 

7. First we use universal instantiation to conclude from "For all x, if x is a man, then x is mortal" the special 

case of interest, "If Socrates is a man, then Socrates is mortal." Then we use modus ponens to conclude that 

Socrates is mortal. 
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9. a) Because it was sunny on Tuesday, we assume that it did not rain or snow on Tuesday (otherwise we cannot 

do anything with this problem). If we use modus tollens on the universal instantiation of the given conditional 

statement applied to Tuesday, then we conclude that I did not take Tuesday off. If we now apply disjunctive 

syllogism to the disjunction in light of this conclusion, we see that I took Thursday off. Now use modus 

ponens on the universal instantiation of the given conditional statement applied to Thursday; we conclude 
that it rained or snowed on Thursday. One more application of disjunctive syllogism tells us that it rained on 
Thursday. 

b) Using modus tollens we conclude two things-that I did not eat spicy food and that it did not thunder. 

Therefore by the conjunction rule of inference (Table 1), we conclude "I did not eat spicy food and it did not 

thunder." 

c) By disjunctive syllogism from the first two hypotheses we conclude that I am clever. The third hypothesis 
gives us no useful information. 

d) We can apply universal instantiation to the conditional statement and conclude that if Ralph (respectively, 

Ann) is a CS major, then he (she) has a PC. Now modus tollens tells us that Ralph is not a CS major. There 
are no conclusions to be drawn about Ann. 

e) The first two conditional statements can be phrased as "If x is good for corporations, then x is good for 

the U.S." and "If x is good for the U.S., then x is good for you." If we now apply universal instantiation 

with x being "for you to buy lots of stuff,'' then we can conclude using modus ponens twice that for you to 

buy lots of stuff is good for the U.S. and is good for you. 

f) The given conditional statement is "For all x, if x is a rodent, then x gnaws its food." We can form the 

universal instantiation of this with x being a mouse, a rabbit, and a bat. Then modus ponens allows us to 

conclude that mice gnaw their food; and modus tollens allows us to conclude that rabbits are not rodents. We 

can conclude nothing about bats. 

11. We are asked to show that whenever p1 , p2 , ... , Pn are true, then q--+ r must be true, given that we know 

that whenever P1 , P2 , ... , Pn and q are true, then r must be true. So suppose that p1 , p2 , ... , Pn are true. 

We want to establish that q --+ r is true. If q is false, then we are done, vacuously. Otherwise, q is true, so 

by the validity of the given argument form, we know that r is true. 

13. In each case we set up the proof in two columns, with reasons, as in Example 6. 

a) Let c(x) be ''x is in this class," let j(x) be "x knows how to write programs in JAVA," and let h(x) be 

"x can get a high paying job." We are given premises c(Doug), j(Doug), and Vx(j(x) --+ h(x)), and we want 

to conclude 3x(c(x) /\ h(x)). 

Step 
1. Vx(j(x)--+ h(x)) 
2. j (Doug) --+ h(Doug) 

3. j(Doug) 

4. h(Doug) 
5. c(Doug) 

6. c(Doug) /\ h(Doug) 

7. 3x(c(x) /\ h(x)) 

Reason 
Hypothesis 

Universal instantiation using (1) 
Hypothesis 

Modus ponens using (2) and (3) 
Hypothesis 

Conjunction using (4) and (5) 

Existential generalization using ( 6) 

b) Let c(x) be "x is in this class," let w(x) be "x enjoys whale watching," and let p(x) be "x cares about 

ocean pollution." We are given premises 3x(c(x) /\ w(x)) and Vx(w(x) --+ p(x)), and we want to conclude 

3x ( c( x) /\ p( x)) . In our proof, y represents an unspecified particular person. 
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Step 

1. 3x(c(x) /\ w(x)) 
2. c(y)Aw(y) 
3. w(y) 
4. c(y) 
5. \lx(w(x) _.., p(x)) 

6. w(y) _.., p(y) 
7. p(y) 

8. c(y) /\ p(y) 
9. 3x(c(x) /\p(x)) 

Reason 
Hypothesis 
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Existential instantiation using ( 1) 
Simplification using (2) 

Simplification using (2) 
Hypothesis 

Universal instantiation using (5) 
Modus ponens using (3) and (6) 

Conjunction using ( 4) and (7) 

Existential generalization using ( 8) 

c) Let c(x) be "xis in this class," let p(x) be "x owns a PC," and let w(x) be "x can use a word processing 

program." We are given premises c(Zeke), \lx(c(x) _.., p(x)), and \lx(p(x) _.., w(x)), and we want to conclude 

w(Zeke). 

Step 
1. \lx(c(x) _, p(x)) 
2. c(Zeke) _.., p(Zeke) 

3. c(Zeke) 

4. p(Zeke) 
5. \lx(p(x) _, w(x)) 

6. p(Zeke) _, w(Zeke) 

7. w(Zeke) 

Reason 
Hypothesis 

Universal instantiation using (1) 
Hypothesis 

Modus ponens using (2) and (3) 
Hypothesis 

Universal instantiation using (5) 

Modus ponens using (4) and (6) 

d) Let j(x) be "x is in New Jersey," let f(x) be "x lives within fifty miles of the ocean,'' and let s(x) be "x 
has seen the ocean." We are given premises Vx(j(x) _, f(x)) and 3x(j(x) /\ •s(x)), and we want to conclude 

3x(f ( x) /\ •s( x)) . In our proof, y represents an unspecified particular person. 

Step 
1. 3x(j(x) /\ •s(x)) 
2. j(y) /\ •s(y) 
3. j(y) 
4. \lx(j(x) _, f(x)) 
5. j(y) _, f(y) 

6. f(y) 
7. •s(y) 
8. f(y) /\ •s(y) 
9. 3x(f(x) /\ •s(x)) 

Reason 
Hypothesis 

Existential instantiation using (1) 

Simplification using (2) 

Hypothesis 

Universal instantiation using ( 4) 

Modus ponens using (3) and (5) 

Simplification using (2) 

Conjunction using (6) and (7) 

Existential generalization using (8) 

15. a) This is correct, using universal instantiation and modus ponens. 

b) This is invalid. After applying universal instantiation, it contains the fallacy of affirming the conclusion. 

c) This is invalid. After applying universal instantiation, it contains the fallacy of denying the hypothesis. 

d) This is valid by universal instantiation and modus tollens. 

17. We know that some x exists that makes H ( x) true, but we cannot conclude that Lola is one such x. Maybe 

only Suzanne is happy and everyone else is not happy. Then 3x H(x) is true, but H(Lola) is false. 

19. a) This is the fallacy of affirming the conclusion, since it has the form "p _.., q and q implies p." 

b) This reasoning is valid; it is modus tollens. 

c) This is the fallacy of denying the hypothesis, since it has the form "p _, q and •P implies •q ." 
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21. Let us give an argument justifying the conclusion. By the second premise, there is some lion that does not 

drink coffee. Let us call him Leo. Thus we know that Leo is a lion and that Leo does not drink coffee. By 

simplification this allows us to assert each of these statements separately. The first premise says that all lions 
are fierce; in particular, if Leo is a lion, then Leo is fierce. By modus ponens, we can conclude that Leo is 
fierce. Thus we conclude that Leo is fierce and Leo does not drink coffee. By the definition of the existential 

quantifier, this tells us that there exist fierce creatures that do not drink coffee; in other words, that some 

fierce creatures do not drink coffee. 

23. The error occurs in step (5), because we cannot assume, as is being done here, that the c that makes P true 

is the same as the c that makes Q true. 

25. We are given the premises Vx(P(x) ---+ Q(x)) and •Q(a). We want to show •P(a). Suppose, to the contrary, 

that •P(a) is not true. Then P(a) is true. Therefore by universal modus ponens, we have Q(a). But this 
contradicts the given premise •Q(a). Therefore our supposition must have been wrong, and so •P(a) is true, 

as desired. 

27. We can set this up in two-column format. 

Step 
1. 'v'x(P(x) /\ R(x)) 
2. P(a) /\ R(a) 
3. P(a) 
4. 'v'x(P(x)---+ (Q(x) /\ S(x))) 
5. Q(a) /\ S(a) 
6. S(a) 
7. R(a) 
8. R(a)/\S(a) 
9. 'v'x(R(x) /\ S(x)) 

Reason 
Premise 

Universal instantiation using (1) 

Simplification using (2) 

Premise 

Universal modus ponens using (3) and (4) 

Simplification using (5) 

Simplification using (2) 

Conjunction using (7) and (6) 
Universal generalization using (5) 

29. We can set this up in two-column format. The proof is rather long but straightforward if we go one step at a 

time. 

Step 

1. 3x•P(x) 
2. ·P(c) 
3. 'v'x(P(x) V Q(x)) 
4. P(c) V Q(c) 
5. Q(c) 
6. 'v'x(•Q(x) V S(x)) 
7. •Q(c) V S(c) 
8. S(c) 
9. 'v'x(R(x)---+ •S(x)) 
10. R(c)---+ •S(c) 
11. ·R(c) 
12. 3x·R(x) 

Reason 

Premise 

Existential instantiation using ( 1) 

Premise 

Universal instantiation using (3) 

Disjunctive syllogism using (4) and (2) 

Premise 

Universal instantiation using (6) 

Disjunctive syllogism using (5) and (7), since ••Q(c) = Q(c) 
Premise 

Universal instantiation using (9) 

Modus tollens using (8) and (10), since ••S(c) = S(c) 
Existential generalization using ( 11) 

31. Let p be "It is raining"; let q be "Yvette has her umbrella"; let r be "Yvette gets wet." Then our assumptions 

are •p V q, •q V •r, and p V •r. Using resolution on the first two assumptions gives us •p V •r. Using 

resolution on this and the third assumption gives us •r, so Yvette does not get wet. 
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33. Assume that this proposition is satisfiable. Using resolution on the first two clauses allows us to conclude 

q V q; in other words, we know that q has to be true. Using resolution on the last two clauses allows us to 

conclude •q V •q; in other words, we know that •q has to be true. This is a contradiction. So this proposition 

is not satisfiable. 

35. This argument is valid. We argue by contradiction. Assume that Superman does exist. Then he is not 

impotent, and he is not malevolent (this follows from the fourth sentence). Therefore by (the contrapositives 
of) the two parts of the second sentence, we conclude that he is able to prevent evil, and he is willing to 

prevent evil. By the first sentence, we therefore know that Superman does prevent evil. This contradicts the 

third sentence. Since we have arrived at a contradiction, our original assumption must have been false, so we 

conclude finally that Superman does not exist. 

SECTION 1.7 Introduction to Proofs 

This introduction applies jointly to this section and the next (1.8). 

Learning to construct good mathematical proofs takes years. There is no algorithm for constructing the 

proof of a true proposition (there is actually a deep theorem in mathematical logic that says this). Instead, the 

construction of a valid proof is an art, honed after much practice. There are two problems for the beginning 

student-figuring out the key ideas in a problem (what is it that really makes the proposition true?) and 

writing down the proof in acceptable mathematical language. 

Here are some general things to keep in mind in constructing proofs. First, of course, you need to find out 

exactly what is going on-why the proposition is true. This can take anywhere from ten seconds (for a really 

simple proposition) to a lifetime (some mathematicians have spent their entire careers trying to prove certain 

conjectures). For a typical student at this level, tackling a typical problem, the median might be somewhere 
around 15 minutes. This time should be spent looking at examples, making tentative assumptions, breaking 

the problem down into cases, perhaps looking at analogous but simpler problems, and in general bringing all 

of your mathematical intuition and training to bear. 

It is often easiest to give a proof by contradiction, since you get to assume the most (all the hypotheses 

as well as the negation of the conclusion), and all you have to do is to derive a contradiction. Another thing 

to try early in attacking a problem is to separate the proposition into several cases; proof by cases is a valid 

technique, if you make sure to include all the possibilities. In proving propositions, all the rules of inference 

are at your disposal, as well as axioms and previously proved results. Ask yourself what definitions, axioms, 

or other theorems might be relevant to the problem at hand. The importance of constantly returning to the 

definitions cannot be overstated! 

Once you think you see what is involved, you need to write down the proof. In doing so, pay attention both 

to content (does each statement follow logically? are you making any fallacious arguments? are you leaving out 

any cases or using hidden assumptions?) and to style. There are certain conventions in mathematical proofs, 

and you need to follow them. For example, you must use complete sentences and say exactly what you mean. 

(An equation is a complete sentence, with "equals" as the verb; however, a good proof will usually have more 

English words than mathematical symbols in it.) The point of a proof is to convince the reader that your line 

of argument is sound, and that therefore the proposition under discussion is true; put yourself in the reader's 

shoes, and ask yourself whether you are convinced. 

Most of the proofs called for in this exercise set are not extremely difficult. Nevertheless, expect to have 

a fairly rough time constructing proofs that look like those presented in this solutions manual, the textbook, 

or other mathematics textbooks. The more proofs you write, utilizing the different methods discussed in this 
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section, the better you will become at it. As a bonus, your ability to construct and respond to nonmathematical 

arguments (politics, religion, or whatever) will be enhanced. Good luck! 

1. We must show that whenever we have two odd integers, their sum is even. Suppose that a and b are two 

odd integers. Then there exist integers s and t such that a = 2s + 1 and b = 2t + 1. Adding, we obtain 

a+ b = (2s + 1) + (2t + 1) = 2(s + t + 1). Since this represents a+ b as 2 times the integer s + t + 1, we 

conclude that a + b is even, as desired. 

3. We need to prove the following assertion for an arbitrary integer n: "If n is even, then n 2 is even." Suppose 

that n is even. Then n = 2k for some integer k. Therefore n 2 = (2k )2 = 4k2 = 2(2k2
). Since we have 

written n 2 as 2 times an integer, we conclude that n 2 is even. 

5. We can give a direct proof. Suppose that m + n is even. Then m + n = 2s for some integer s. Suppose that 

n + p is even. Then n + p = 2t for some integer t. If we add these [this step is inspired by the fact that we 

want to look at m + p], we get m + p + 2n = 2s + 2t. Subtracting 2n from both sides and factoring, we have 

m + p = 2s + 2t - 2n = 2(s + t - n). Since we have written m + p as 2 times an integer, we conclude that 

m + p is even, as desired. 

7. The difference of two squares can be factored: a 2 
- b2 = (a+ b)(a - b). If we can arrange for our given odd 

integer to equal a + b and for a - b to equal 1, then we will be done. But we can do this by letting a and 

b be the integers that straddle n/2. For example, if n = 11, then we take a = 6 and b = 5. Specifically, if 

n = 2k + 1, then we let a = k + 1 and b = k. Here, then, is our proof. Since n is odd, we can write n = 2k + 1 

for some integer k . Then ( k + 1) 2 - k2 = k2 + 2k + 1 - k2 = 2k + 1 = n. This expresses n as the difference 

of two squares. 

9. The proposition to be proved here is as follows: If r is a rational number and i is an irrational number, then 

s = r + i is an irrational number. So suppose that r is rational, i is irrational, and s is rational. Then by 

Example 7 the sum of the rational numbers s and -r must be rational. (Indeed, ifs= a/b and r = c/d, 

where a, b, c, and d are integers, with b =/=- 0 and d =/=- 0, then by algebra we see that s + ( -r) = (ad-be)/ (bd) , 

so that patently s + ( -r) is a rational number.) But s + ( -r) = r + i - r = i, forcing us to the conclusion 

that i is rational. This contradicts our hypothesis that i is irrational. Therefore the assumption that s was 

rational was incorrect, and we conclude, as desired, that s is irrational. 

11. To disprove this proposition it is enough to find a counterexample, since the proposition has an implied uni­

versal quantification. We know from Example 10 that J2 is irrational. If we take the product of the irrational 

number J2 and the irrational number J2, then we obtain the rational number 2. This counterexample 

refutes the proposition. 

13. We give an proof by contraposition. The contrapositive of this statement is "If l/x is rational, then x is 
rational" so we give a direct proof of this contrapositive. Note that since 1/x exists, we know that x =/=- 0. If 
l/x is rational, then by definition 1/x = p/q for some integers p and q with q =/=- O. Since 1/x cannot be 0 

(if it were, then we'd have the contradiction 1 = x · 0 by multiplying both sides by x), we know that p =/=- 0. 

Now x = 1/(1/x) = l/(p/q) = q/p by the usual rules of algebra and arithmetic. Hence x can be written as 

the quotient of two integers with the denominator nonzero. Thus by definition, x is rational. 

15. We will prove the contrapositive (that if it is not true that x 2: 1 or y 2: 1, then it is not true that x + y 2: 2), 

using a direct argument. Assume that it is not true that x 2: 1 or y 2: 1. Then (by De Morgan's law) x < 1 

and y < 1. Adding these two inequalities, we obtain x + y < 2. This is the negation of x + y 2: 2, and our 

proof is complete. 
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17. a) We must prove the contrapositive: If n is odd, then n 3 + 5 is even. Assume that n is odd. Then we can 
write n = 2k+l for some integer k. Then n 3 +5 = (2k+1)3 +5 = 8k3 +12k2 +6k+6 = 2(4k3 +6k2 +3k+3). 
Thus n 3 + 5 is two times some integer, so it is even. 

b) Suppose that n 3 + 5 is odd and that n is odd. Since n is odd, and the product of odd numbers is odd, 

in two steps we see that n 3 is odd. But then subtracting we conclude that 5, being the difference of the two 

odd numbers n 3 + 5 and n 3 , is even. This is not true. Therefore our supposition was wrong, and the proof 
by contradiction is complete. 

19. The proposition we are trying to prove is "If 0 is a positive integer greater than 1, then 02 > 0 ." Our 

proof is a vacuous one, exactly as in Example 5. Since the hypothesis is false, the conditional statement is 

automatically true. 

21. The proposition we are trying to prove is "If a and b are positive real numbers, then (a+ b) 1 2'. a 1 + b1 
." 

Our proof is a direct one. By the definition of exponentiation, any real number to the power 1 is itself. Hence 

(a+ b) 1 = a+ b = a 1 + b1 . Finally, by the addition rule, we can conclude from (a+ b) 1 = a 1 + b1 that 

(a+ b) 1 2 a 1 + b1 (the latter being the disjunction of (a+ b) 1 = a 1 + b1 and (a+ b) 1 > a 1 + b1 ). One might 
also say that this is a trivial proof, since we did not use the hypothesis that a and b are positive (although of 

course we used the hypothesis that they are numbers). 

23. We give a proof by contradiction. If there were nine or fewer days on each day of the week, this would account 
for at most 9 · 7 = 63 days. But we chose 64 days. This contradiction shows that at least ten of the days 

must be on the same day of the week. 

25. One way to prove this is to use the rational root test from high school algebra: Every rational number that 

satisfies a polynomial with integer coefficients is of the form p / q, where p is a factor of the constant term of 

the polynomial, and q is a factor of the coefficient of the leading term. In this case, both the constant and the 

leading coefficient are 1, so the only possible values for p and q are ±1. Therefore the only possible rational 

roots are ±1/(±1), which means that 1 and -1 are the only possible rational roots. Clearly neither of them 

is a root, so there are no rational roots. 

Alternatively, we can follow the hint. Suppose by way of contradiction that a/b is a rational root, where 

a and b are integers and this fraction is in lowest terms (that is, a and b have no common divisor greater 

than 1 ). Plug this proposed root into the equation to obtain a3 /b3 + a/b + 1 = 0. Multiply through by b3 to 

obtain a3 + ab2 + b3 = 0. If a and b are both odd, then the left-hand side is the sum of three odd numbers 

and therefore must be odd. If a is odd and b is even, then the left-hand side is odd+ even+ even, which is 

again odd. Similarly, if a is even and b is odd, then the left-hand side is even+ even+ odd, which is again 

odd. Because the fraction a/b is in simplest terms, it cannot happen that both a and b are even. Thus in 

all cases, the left-hand side is odd, and therefore cannot equal 0. This contradiction shows that no such root 

exists. 

27. We must prove two conditional statements. First, we assume that n is odd and show that 5n + 6 is odd (this 

is a direct proof). By assumption, n = 2k + 1 for some integer k. Then 5n + 6=5(2k+1) + 6 = lOk + 11 = 

2(5k + 5) + 1. Since we have written 5n + 6 as 2 times an integer plus 1, we have showed that 5n + 6 is 

odd, as desired. Now we give an proof by contraposition of the converse. Suppose that n is not odd-in other 

words, that n is even. Then n = 2k for some integer k. Then 5n + 6 = lOk + 6 = 2(5k + 3). Since we 

have written 5n + 6 as 2 times an integer, we have showed that 5n + 6 is even. This completes the proof by 

contraposition of this conditional statement. 
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29. This proposition is true. We give a proof by contradiction. Suppose that m is neither 1 nor -1. Then mn 
has a factor (namely lml) larger than 1. On the other hand, mn = 1, and 1 clearly has no such factor. 
Therefore we conclude that m = 1 or m = -1. It is then immediate that n = 1 in the first case and n = -1 

in the second case, since mn = 1 implies that n = 1/m. 

31. Perhaps the best way to do this is to prove that all of them are equivalent to x being even, which one can 
discover easily enough by trying a few small values of x. If x is even, then x = 2k for some integer k. 

Therefore 3x + 2 = 3 · 2k + 2 = 6k + 2 = 2(3k + 1), which is even, since it has been written in the form 2t, 

where t = 3k+l. Similarly, x+5 = 2k+5 = 2k+4+1=2(k+2)+1, so x+5 is odd; and x2 = (2k)2 = 2(2k2), 

so x2 is even. For the converses, we will use a proof by contraposition. So assume that x is not even; thus x 
is odd and we can write x = 2k + 1 for some integer k. Then 3x + 2=3(2k+1) + 2 = 6k + 5 = 2(3k + 2) + 1, 
which is odd (i.e., not even), since it has been written in the form 2t + 1, where t = 3k + 2. Similarly, 

x+5 = 2k+1+5 = 2(k+3), so x+5 is even (i.e., not odd). That x2 is odd was already proved in Example 1. 

This completes the proof. 

33. It is easiest to give proofs by contraposition of ( i) --+ (ii), (ii) --+ ( i), ( i) --+ (iii) , and (iii) --+ ( i). For the 
first of these, suppose that 3x + 2 is rational, namely equal to p / q for some integers p and q with q -=I- 0. 

Then we can write x = ( (p/ q) - 2) /3 = (p - 2q) / (3q), where 3q -=I- 0. This shows that x is rational. For 

the second conditional statement, suppose that x is rational, namely equal to p/q for some integers p and q 

with q -=I- 0. Then we can write 3x + 2 = (3p + 2q) / q, where q -=I- 0. This shows that 3x + 2 is rational. For 
the third conditional statement, suppose that x/2 is rational, namely equal to p/q for some integers p and q 

with q -=I- 0 . Then we can write x = 2p / q, where q -=I- 0 . This shows that x is rational. And for the fourth 

conditional statement, suppose that xis rational, namely equal to p/q for some integers p and q with q -=I- 0. 

Then we can write x/2 = p/(2q), where 2q -=I- 0. This shows that x/2 is rational. 

35. The steps are valid for obtaining possible solutions to the equations. If the given equation is true, then we 

can conclude that x = 1 or x = 6, since the truth of each equation implies the truth of the next equation. 

However, the steps are not all reversible; in particular, the squaring step is not reversible. Therefore the 

possible answers must be checked in the original equation. We know that no other solutions are possible, but 

we do not know that these two numbers are in fact solutions. If we plug in x = 1 we get the true statement 

2 = 2; but if we plug in x = 6 we get the false statement 3 = -3. Therefore x = 1 is the one and only 

solution of -./x + 3 = 3 - x. 

37. Suppose that we have proved p1 --+ p 4 --+ p2--+ p5--+ p3--+ p1. Imagine these conditional statements arranged 

around a circle. Then to prove that each one of these propositions (say Pi) implies each of the others (say p1 ), 

we just have to follow the circle, starting at Pi, until we come to Pj , using hypothetical syllogism repeatedly. 

39. We can give a very satisfying proof by contradiction here. Suppose instead that all of the numbers a1 , a2 , 

... , an are less than their average, which we can denote by A. In symbols, we have a, < A for all i. If we 

add these n inequalities, we see that 

a1 + a2 + · · · + an < nA . 

By definition, 
A = a1 + a2 + · · · + an . 

n 
The two displayed formulae clearly contradict each other, however: they imply that nA < nA. Thus our 

assumption must have been incorrect, and we conclude that at least one of the numbers a, is greater than or 

equal to their average. 
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41. We can prove that these four statements are equivalent in a circular way: ( i) --> (ii) --> (iii) --> (iv) --> ( i). 
For the first, we want to show that if n is even, then n + 1 is odd. Assume that n is even. Then n = 2k 

for some integer k. Thus n + 1 = 2k + 1, so by definition n + 1 is odd. This completes the first proof. 

Next we give a direct proof of (ii) --> (iii). Suppose that n + 1 is odd, say n + 1 = 2k + 1. Then 

3n + 1 = 2n + (n + 1) = 2n + 2k + 1 = 2(n + k) + 1. Since this shows that 3n + 1 is 2 times an integer plus 1, 
we conclude that 3n+ 1 is odd, as desired. For the next proof, suppose that 3n+ 1 is odd, say 3n+ 1=2k+1. 

Then 3n = ( 3n + 1) - 1 = ( 2k + 1) - 1 = 2k. Therefore by definition 3n is even. Finally, we must prove that 

if 3n is even, then n is even. We will do this using a proof by contraposition. Suppose that n is not even. 

Then n is odd, so we can write n = 2k + 1 for some integer k. Then 3n = 3(2k + 1) = 6k + 3 = 2(3k + 1) + 1. 

This exhibits 3n as 2 times an integer plus 1, so 3n is odd, completing the proof by contraposition. 

SECTION 1.8 Proof Methods and Strategy 

The preamble to the solutions for Section 1. 7 applies here as well, so you might want to reread it at this time. 

In addition, the section near the back of this Guide, entitled "A Guide to Proof-Writing," provides an excellent 

tutorial, with many additional examples. Don't forget to take advantage of the many additional resources on 

the website for this text, as well. 

If you are majoring in mathematics, then proofs are the bread and butter of your fleld. Most likely you 
will take a course devoted entirely to learning how to read and write proofs, using one of the many textbooks 

available on this subject. For a review of many of them (as well as reviews of hundreds of mathematics books), 

see this site provided by the Mathematical Association of America: mathdl.maa.org/MathDL/19/. 

1. We give an exhaustive proof-just check the entire domain. For n = 1 we have 12 + 1 = 2 2: 2 = 21 . For 

n = 2 we have 22 + 1 = 5 2 4 = 22
. For n = 3 we have 32 + 1 = 10 2 8 = 23

• For n = 4 we have 

4 2 + 1 = 17 2: 16 = 24 . Notice that for n 2 5, the inequality is no longer true. 

3. Following the hint, we consider the two cases determined by the relative sizes of x and y. First suppose that 

x 2 y. Then by definition max(x, y) = x and min(x, y) = y. Therefore in this case max(x, y) + min(x, y) = 

.r + y, exactly as desired. For the second (and final) case, suppose that x < y. Then max(x,y) = y and 

min(x, y) = x. Therefore in this case max(x, y) + min(x, y) = y + x = x + y, again the desired conclusion. 

Hence in all cases, the equality holds. 

5. Because Ix - YI = IY - xi, the values of x and y are interchangeable. Therefore, without loss of generality, 

we can assume that x 2 y. In this case, Ix - YI = x - y, so the first expression gives us 

x+y-(x-y) 

2 
and indeed y is the smaller. Similarly, the second expression gives us 

and indeed x is the larger. 

x+y+(x-y) 
2 

x+y+x-y 2x 
2 = 2 =x, 

7. There are several cases to consider. If x and y are both nonnegative, then lxl + IYI = x+y = lx+yl. Similarly, 

if both are negative, then lxl + IYI = (-x) + (-y) = -(x + y) = Ix+ YI, since x + y is negative in this case. 

The complication (and strict inequality) comes if one of the variables is nonnegative and the other is negative. 

By the symmetry of the roles of x and y here (strictly speaking, by the commutativity of addition), we can 

assume without loss of generality that it is x that is nonnegative and y that is negative. So we have x 2: 0 

and y < 0. 
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Now there are two subcases to consider within this case, depending on the relative sizes of the nonnegative 

numbers x and -y. First suppose that x 2 -y. Then x + y 2 0. Therefore Ix + YI = x + y, and this 

quantity is a nonnegative number smaller than x (since y is negative). On the other hand lxl + IYI = x + IYI 
is a positive number bigger than x. Therefore we have Ix+ YI < x < lxl + IYI, as desired. 

Finally, consider the possibility that x < -y. Then Ix+ YI= -(x + y) = (-x) + (-y) is a positive 

number less than or equal to -y (since -x is nonpositive). On the other hand lxl + IYI = lxl + (-y) is a 

positive number greater than or equal to -y. Therefore we have Ix+ YI :S: -y :S: lxl + IYI, as desired. 

9. We want to find consecutive squares that are far apart. If n is large enough, then (n + 1)2 will be much 

bigger than n 2
, and that will do it. Let's take n = 100. Then 1002 = 10000 and 1012 = 10201, so the 201 

consecutive numbers 10001, 10002, ... , 10200 are not perfect squares. The first 100 of these will satisfy the 
requirements of this exercise. Our proof was constructive, since we actually exhibited the numbers. 

11. We try some small numbers and discover that 8 = 23 and 9 = 32 . In fact, this is the only solution, but the 

proof of this fact is not trivial. 

13. One way to solve this is the following nonconstructive proof. Let x = 2 (rational) and y = J2 (irrational). 

If xY = 2v'2 is irrational, we are done. If not, then let x = 2v'2 and y = J2/ 4; x is rational by assumption, 

and y is irrational (if it were rational, then J2 would be rational). But now xY = (2v'2)v'2/4 = 2v'2·(VZ)/4 = 
21/ 2 = J2, which is irrational, as desired. 

15. a) This statement asserts the existence of x with a certain property. If we let y = x, then we see that P(x) 

is true. If y is anything other than x, then P(y) is not true. Thus x is the unique element that makes P 
true. 

b) The first clause here says that there is an element that makes P true. The second clause says that whenever 

two elements both make P true, they are in fact the same element. Together this says that P is satisfied by 

exactly one element. 

c) This statement asserts the existence of an x that makes P true and has the further property that whenever 

we find an element that makes P true, that element is x. In other words, x is the unique element that makes P 

true. Note that this is essentially the same as the definition given in the text, except that the final conditional 

statement has been replaced by its contrapositive. 

17. The equation la - cl = lb- cl is equivalent to the disjunction of two equations: a - c = b- c or a - c = -b + c. 
The first of these is equivalent to a = b, which contradicts the assumptions made in this problem, so the 

original equation is equivalent to a - c = -b + c. By adding b + c to both sides and dividing by 2, we see 

that this equation is equivalent to c = (a + b) /2. Thus there is a unique solution. Furthermore, this c is an 
integer, because the sum of the odd integers a and b is even. 

19. We are being asked to solve n = (k - 2) + (k + 3) for k. Using the usual, reversible, rules of algebra, we see 

that this equation is equivalent to k = ( n - 1) /2. In other words, this is the one and only value of k that 

makes our equation true. Since n is odd, n - 1 is even, so k is an integer. 

21. If x is itself an integer, then we can take n = x and E = 0. No other solution is possible in this case, since 

if the integer n is greater than x, then n is at least x + 1, which would make E 2 1. If x is not an integer, 

then round it up to the next integer, and call that integer n. We let E = n - x. Clearly 0 :S: E < 1, this is the 

only E that will work with this n, and n cannot be any larger, since E is constrained to be less than 1. 
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23. If x = 5 and y = 8, then the harmonic mean is 2·5·8/(5+8) 6.15, and the geometric mean is J5-8 6.32. 
If x = 10 and y = 100, then the harmonic mean is 2·10·100/(10+100) 18.18, and the geometric mean 

is v'lO · 100 31.62. We conjecture that the harmonic mean of x and y is always less than their geometric 

mean if x and y are distinct positive real numbers (clearly if x = y then both means are this common value). 

So we want to verify the inequality 2xy/(x + y) < JXY. Multiplying both sides by (x + y)/(2v'xfj) gives us 

the equivalent inequality JXY < (:r + y)/2, which is proved in Example 14. 

25. The key point here is that the parity (oddness or evenness) of the sum of the numbers written on the board 

never changes. If j and k are both even or both odd, then their sum and their difference are both even, and 

we are replacing the even sum j + k by the even difference IJ - kl , leaving the parity of the total unchanged. If 
j and k have different parities, then erasing them changes the parity of the total, but their difference Jj - kl is 
odd, so adding this difference restores the parity of the total. Therefore the integer we end up with at the end 

of the process must have the same parity as 1+2 + · · · + (2n). It is easy to compute this sum. If we add the 

first and last terms we get 2n + 1; if we add the second and next-to-last terms we get 2 + (2n - 1) = 2n + 1; 

and so on. In all we get n sums of 2n + 1, so the total sum is n(2n + 1). If n is odd, this is the product of 

two odd numbers and therefore is odd, as desired. 

27. Without loss of generality we can assume that n is nonnegative, since the fourth power of an integer and the 

fourth power of its negative are the same. To get a handle on the last digit of n, we can divide n by 10, 

obtaining a quotient k and remainder l, whence n = lOk + l, and l is an integer between 0 and 9, inclusive. 

Then we compute n 4 in each of these ten cases. We get the following values, where ?? is some integer that is 

a multiple of 10, whose exact value we do not care about. 

(10k + 0) 4 = 10000k4 = 10000k4 + 0 

(10k + 1)4 = 10000k4 + ?? . k3 + ?? . k2 + ?? . k + 1 

(10k + 2) 4 = 10000k4 + ?? . k3 + ?? . k2 + ?? . k + 16 

(10k + 3)4 = 10000k4 + ?? . k3 + ?? . k2 + ?? . k + 81 

(10k + 4) 4 = 10000k4 +??. k 3 + ?? . k2 +??. k + 256 

(10k + 5)4 = 10000k4 + ?? . k3 + ?? . k2 + ?? . k + 625 

(10k + 6) 4 = 10000k4 + ?? . k3 + ?? . k2 + ?? . k + 1296 

(lOk + 7) 4 = 10000k4 + ?? . k3 + ?? . k 2 + ?? . k + 2401 

(10k + 8)4 = 10000k4 + ?? . k3 + ?? . k2 + ?? . k + 4096 

(10k + 9) 4 = 10000k4 + ?? . k3 + ?? . k2 + ?? . k + 6561 

Since each coefficient indicated by ?? is a multiple of 10, the corresponding term has no effect on the ones 

digit of the answer. Therefore the ones digits are 0, 1, 6, 1, 6, 5, 6, 1, 6, 1, respectively, so it is always 

a 0 , 1 , 5 , or 6 . 

29. Because n 3 > 100 for all n > 4, we need only note that n = 1, n = 2, n = 3, and n = 4 do not satisfy 

n 2 + n 3 = 100. 

31. Since 54 = 625, for there to be positive integer solutions to this equation both x and y must be less than 5. 

This means that each of x 4 and y 4 is at most 44 = 256, so their sum is at most 512 and cannot be 625. 

33. We give a proof by contraposition. Assume that it is not the case that a ::; ijn or b ::; ijn or c ::; ijn. Then 

it must be true that a > ifi1 and b > -ifii, and c > ijn. Multiplying these inequalities of positive numbers 

together we obtain abc < ( ijri,) 3 = n, which implies the negation of our hypothesis that n = abc. 
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35. The idea is to find a small irrational number to add to the smaller of the two given rational numbers. Because 
we know that J2 is irrational, we can use a small multiple of v'2. Here is our proof: By finding a common 

denominator, we can assume that the given rational numbers are a/b and c/b, where b is a positive integer 

and a and c are integers with a < c. In particular, (a+ 1)/b:::; c/b. Thus x = (a+ is between the 

two given rational numbers, because 0 < J2 < 2. Furthermore, x is irrational, because if x were rational, 

then 2(bx - a) = v'2 would be as well, in violation of Example 10 in Section 1. 7. 

37. a) Without loss of generality, we may assume that the x sequence is already sorted into nondecreasing order, 

since we can relabel the indices. There are only a finite number of possible orderings for the y sequence, so if we 

can show that we can increase the sum (or at least keep it the same) whenever we find Yi and y1 that are out of 

order (i.e., i < j but Yi > y1 ) by switching them, then we will have shown that the sum is largest when the y 

sequence is in nondecreasing order. Indeed, if we perform the swap, then we have added XiYJ +x1 yi to the sum 

and subtracted XiYi +x1 y1 . The net effect, then, is to have added XiYJ +x1 yi -XiYi -x1 y1 = (x1 -xi)(Yi -yj), 

which is nonnegative by our ordering assumptions. 

b) This is similar to part (a). Again we assume that the x sequence is already sorted into nondecreasing 

order. If the y sequence is not in nonincreasing order, then Yi < y1 for some i < j. By swapping Yi and Yj 

we increase the sum by XiYJ + x 1 yi - XiYi - x 1 y1 = (x1 - xi)(Yi - y1 ), which is nonpositive by our ordering 

assumptions. 

39. In each case we just have to keep applying the function f until we reach 1, where J(x) = 3x + 1 if x is odd 

and f(x) = x/2 if x is even. 

a) f(6) = 3, f(3) = 10, f(lO) = 5, f(5) = 16, f(16) = 8, f(8) = 4, f(4) = 2, f(2) = 1. We abbreviate this 
to 6 _.., 3 _.., 10 _.., 5 _.., 16 _.., 8 _.., 4 _.., 2 _.., 1. 

b) 7 _.., 22 _.., 11 _.., 34 _.., 17 _.., 52 _.., 26 _.., 13 _.., 40 _.., 20 _.., 10 _.., 5 _.., 16 _.., 8 _.., 4 _.., 2 _.., 1 

c) 17 _.., 52 _.., 26 _.., 13 _.., 40 _.., 20 _.., 10 _.., 5 _.., 16 _.., 8 _.., 4-* 2 _.., 1 

d) 21 _.., 64 _.., 32 _.., 16 _.., 8 _.., 4 _.., 2 _.., 1 

41. We give a constructive proof. Without loss of generality, we can assume that the upper left and upper right 

corners of the board are removed. We can place three dominoes horizontally to fill the remaining portion of 

the first row, and we can place four dominoes horizontally in each of the other seven rows to fill them. 

43. The number of squares in a rectangular board is the product of the number of squares in each row and the 

number of squares in each column. We are given that this number is even, so there is either an even number 

of squares in each row or an even number of squares in each column. In the former case, we can tile the board 

in the obvious way by placing the dominoes horizontally, and in the latter case, we can tile the board in the 

obvious way by placing the dominoes vertically. 

45. We follow the suggested labeling scheme. Clearly we can rotate the board if necessary to make the removed 

squares be 1 and 16. Square 2 must be covered by a domino. If that domino is placed to cover squares 2 

and 6, then the following domino placements are forced in succession: 5-9, 13-14, and 10-11, at which point 

there is no way to cover square 15. Otherwise, square 2 must be covered by a domino placed at 2-3. Then the 

following domino placements are forced: 4-8, 11-12, 6-7, 5-9, and 10-14, and again there is no way to cover 

square 15. 

47. Remove the two black squares adjacent to one of the white corners, and remove two white squares other 

than that corner. Then no domino can cover that white corner, because neither of the squares adjacent to it 

remains. 
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49. a) It is not hard to find the five patterns: 

1 4 5 

EE qpLfb 

b) It is clear that the pattern labeled 1 and the pattern labeled 2 will tile the checkerboard. It is harder to 

find the tiling for patterns 3 and 4, but a little experimentation shows that it is possible. 

It remains to argue that pattern 5 cannot tile the checkerboard. Label the squares from 1 to 64, one row 

at a time from the top, from left to right in each row. Thus square 1 is the upper left corner, and square 64 is 

the lower right. Suppose we did have a tiling. By symmetry and without loss of generality, we may suppose 
that the tile is positioned in the upper left corner, covering squares 1, 2, 10, and 11. This forces a tile to be 
adjacent to it on the right, covering squares 3, 4, 12. and 13. Continue in this manner and we are forced to 

have a tile covering squares 6, 7, 15, and 16. This makes it impossible to cover square 8. Thus no tiling is 

possible. 

GUIDE TO REVIEW QUESTIONS FOR CHAPTER 1 

1. a) See p. 3. b) This is not a boring course. 

2. a) See pp. 4, 6, and 9. 

b) Disjunction: 'TU go to the movies tonight or I'll finish my discrete mathematics homework." Conjunction: 

"I'll go to the movies tonight and I'll finish my discrete mathematics homework." Exclusive or: "I'll go to the 

movies tonight or I'll finish my discrete mathematics homework, but not both." Conditional statement: "If 
I'll go to the movies tonight, then I'll finish my discrete mathematics homework." Biconditional: "I'll go to 

the movies tonight if and only if I'll finish my discrete mathematics homework." 

3. a) See p. 6. b) Seep. 8. 

c) Converse: "If I go for a walk in the woods tomorrow, then it will be sunny." Contrapositive: "If I don't go 

for a walk in the woods tomorrow, then it will not be sunny.'' 

4. a) See p. 25. 

b) using truth tables; symbolically, using identities in Tables 6-8 in Section 1.3; by giving a valid argument 

about the possible truth values of the propositional variables involved 

c) Use the fact that r ---; -iq = -,r V -iq, or use truth tables. 
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5. a) Each line of the truth table corresponds to exactly one combination of truth values for the n atomic 

propositions involved. We can write down a conjunction that is true precisely in this case, namely the 

conjunction of all the atomic propositions that are true and the negations of all the atomic propositions that 
are false. If we do this for each line of the truth table for which the value of the compound proposition is 

to be true, and take the disjunction of the resulting propositions, then we have the desired proposition in its 

disjunctive normal form. See Exercise 42 in Section 1.3. 

b) See Exercise 43 in Section 1.3. 

c) See Exercises 50 and 52 in Section 1.3. 

6. See pp. 40 and 42. The negation of VxP(x) is 3x-,P(x), and the negation of 3xP(x) is Vx•P(x). 

7. a) In the second, x can depend on y. In the first, the same x must "work" for every y. 

b) See Example 4 in Section 1.5. 

8. See pp. 69-70. This is a valid argument because it uses the valid rule of inference called modus tollens. 

9. This is a valid argument because it uses the universal modus ponens rule of inference. Therefore if the premises 

are true, the conclusion must be true. 

10. a) See pp. 82, 83, and 86. 

b) For a direct proof, the hypothesis implies that n = 2k for some k, whence n + 4 = 2(k + 2), so n + 4 
is even. For a proof by contraposition, suppose that n + 4 is odd; hence n + 4 = 2k + 1 for some k. 
Then n = 2(k - 2) + 1, so n is odd, hence not even. For a proof by contradiction, assume that n = 2k 

and n + 4 = 21+1 for some k and l. Subtracting gives 4 = 2(1 - k) + 1, which means that 4 is odd, a 

contradiction. 

11. a) See p. 87. 

b) Suppose that 3n + 2 is odd, so that 3n + 2 = 2k + 1 for some k. Multiply both sides by 3 and subtract 1, 

obtaining 9n+5 = 6k+2 = 2(3k+ 1). This shows that 9n+5 is even. We prove the converse by contraposition. 

Suppose that 3n + 2 is not odd, i.e., that it is even. Then 3n + 2 = 2k for some k. Multiply both sides by 3 
and subtract 1, obtaining 9n + 5 = 6k - 1 = 2(3k - 1) + 1. This shows that 9n + 5 is odd. 

12. No-we could add to these p2 --> p3 and p 1 --> p4 , for example. 

13. a) Find a counterexample, i.e., an object c such that P(c) is false. b) n = 1 is a counterexample. 

14. See p. 96. 

15. See p. 99. 

16. See Example 4 in Section 1.8. 

SUPPLEMENTARY EXERCISES FOR CHAPTER 1 

1. a) q--> p (note that "only if" does not mean "if") 

b) q /\ p c) •q V •P (assuming inclusive use of the English word "or" is intended by the speaker) 

d) q '"'"'p (this is another way to say "if and only if" in English words) 

3. We could use truth tables, but we can also argue as follows. 

a) Since q is false but the conditional statement p --> q is true, we must conclude that p is also false. 

b) The disjunction says that either p or q is true. Since p is given to be false, it follows that q must be true. 
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5. The inverse of p -+ q is •p -+ •q. Therefore the converse of the inverse is •q -+ •p. Note that this is the same 
as the contrapositive of the original statement. The converse of p-+ q is q-+ p. Therefore the converse of 
the converse is p -+ q, which was the original statement. The contrapositive of p -+ q is •q -+ •p. Therefore 

the converse of the contrapositive is •p -+ •q, which is the same as the inverse of the original statement. 

7. The straightforward approach is to use disjunctive normal form. There are four cases in which exactly three of 
the variables are true. The desired proposition is (p/\q/\r/\•s) V (p/\q/\•r/\s) V (p/\•q/\r/\s) V (•p/\q/\r/\s). 

9. Translating these statements into symbols, using the obvious letters, we have •t -+ •g, •g -+ •q, r -+ q, and 

•t /\ r. Assume the statements are consistent. The fourth statement tells us that •t must be true. Therefore 

by modus ponens with the first statement, we know that •g is true, hence (from the second statement) that •q 

is true. Also, the fourth statement tells us that r must be true, and so again modus ponens (third statement) 

makes q true. This is a contraction: q /\ •q. Thus the statements are inconsistent. 

11. We make a table of the eight possibilities for p, q, and r, showing the truth values of the four propositions. 

p .q r •(p-+ (q /\ r)) pV •q •r (p/\r)V(q-+p) 

T T T F T F T 
T T F T T T T 
T F T T T F T 
T F F T T T T 
F T T F F F F 
F T F F F T F 
F F T F T F T 
F F F F T T T 

If we look at the first row of the table, we see that if the student rejects the first proposition, accepts the second, 

rejects the third, and accepts the fourth, then the resulting commitments are consistent, because the second 

and fourth propositions and the negations of the first and third propositions are all true in this case in which p, 

q, and r are all true. Similarly, looking at the sixth row of the table, where p and r are false but q is true, we 

see that a student who accepts the third proposition and rejects the other three also wins. Scanning the entire 

table, we see that the winning answers are reject-accept-reject-accept, accept-accept-accept-accept, accept­

accept-reject-accept, reject-reject-reject-reject, reject-reject-accept-reject, and reject-accept-accept-accept. 

13. Aaron must be a knave, because a knight would never make the false statement that all of them are knaves. 

If Bohan is a knight, then he would be speaking the truth if Crystal is a knight, so that is one possibility. On 

the other hand, Bohan might be a knave, in which case his statement is already false, regardless of Crystal's 

identity. In this case, if Crystal were also a knave, then Aaron would have told the truth, which is impossible. 

So there are two possibilities for the ordered triple (Aaron, Bohan, Crystal), namely (knave, knight, knight) 

and (knave, knave, knight). 

15. We are told that exactly one of these people committed the crime, and exactly one (the guilty party) is 

a knight. We look at the three cases to determine who the knight is. If Amy were the knight, then her 

protestations of innocence would be true, but that cannot be, since we know that the knight is guilty. If Claire 

were the knight, then her statement that Brenda is not a normal is true; and since Brenda cannot be the 

knight in this situation, Brenda must be a knave. That means that Brenda is lying when she says that Amy 

was telling the truth; therefore Amy is lying. This means that Amy is guilty, but that cannot be, since Amy 

isn't the knight. So Brenda must be the knight. Amy is an innocent normal who is telling the truth when she 
says she is innocent; Brenda is telling the truth when she says that Amy is telling the truth; and Claire is a 

normal who is telling the truth when she says that Brenda is not a normal. So Brenda committed the crime. 
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17. The definition of valid argument is an argument in which the truth of all the premises forces the truth of 

conclusion. In this example, the two premises can never be true simultaneously, because they are contradictory, 

irrespective of the true status of the tooth fairy. Therefore it is (vacuously) true that whenever both of the 

premises are true, the conclusion is also true (irrespective of your luck at finding gold at the end of the 

rainbow). Because the premises are not both true, we cannot conclude that the conclusion is true. 

19. This is done in exactly the same manner as was described in the text for a 9 x 9 Sudoku puzzle (Section 1.3), 

with the variables indexed from 1 to 16, instead of from 1 to 9, and with a similar change for the propositions 

for the 4 x 4 blocks: /\;=0 /\;=0 v;=l p( 4r + i, 4s + j, n). 

21. a) F, since 4 does not di vi de 5 b) T, since 2 di vi des 4 

c) F, by the counterexample in part (a) d) T, since 1 divides every positive integer 

e) F, since no number is a multiple of all positive integers (No matter what positive integer n one chooses, if 

we take m = n + 1, then P( m, n) is false, since n + 1 does not divide n.) 

f) T, since 1 divides every positive integer 

23. The given statement tells us that there are exactly two elements in the domain. Therefore if we let the domain 

be anything with size other than 2 the statement will be false. 

25. For each person we want to assert the existence of two different people who are that person's parents. The 

most elegant way to do so is Vx3y3z(y =I z /\ Vw(P(w, x) <---+ (w = y V w = z))). Note that we are saying that 
w is a parent of x if and only if w is one of the two people whose existence we asserted. 

27. To express the statement that exactly n members of the domain satisfy P, we need to use n existential 

quantifiers, express the fact that these n variables all satisfy P and are all different, and express the fact that 

every other member of the domain that satisfies P must be one of these. 

a) This is a special case, however. To say that there are no values of x that make P true we can simply write 
--,::JxP(x) or Vx--,P(x). 

b) This is the same as Exercise 52 in Section 1.5, because 31xP(x) is the same as 3!xP(x). Thus we can 

write 3x(P(x) /\ Vy(P(y)---> y = x)). 

c) Following the discussion above, we write :3x1:3x2(P(x1) /\P(x 2 ) /\x1 =I x2 /\ Vy(P(y)---> (y = x1 Vy= x2))). 

d) We expand the previous answer to one more variable: :3x1:3x2:3x3(P(x1) /\ P(x2 ) /\ P(x3 ) /\ x 1 =I x 2 /\ x 1 =I 
X3 /\ X2 =fa X3 /\ Vy(P(y)---> (y = X1 Vy= X2 Vy= x3))). 

29. Suppose that 3x(P(x)---> Q(x)) is true. Then for some x, either Q(x) is true or P(x) is false. If Q(x) is 

true for some x, then the conditional statement VxP(x)---> 3xQ(x) is true (having true conclusion). If P(x) 

is false for some x, then again the conditional statement VxP(x) ---> 3xQ(x) is true (having false hypothesis). 

Conversely, suppose that 3x(P(x)---> Q(x)) is false. That means that for every x, the conditional statement 

P(x) ---> Q(x) is false, or, in other words, P(x) is true and Q(x) is false. The latter statement implies that 

3xQ(x) is false. Thus VxP(x) ---> 3xQ(x) has a true hypothesis and a false conclusion and is therefore false. 

31. No. For each x there may be just one y making P(x, y) true, so that the second proposition will not be true. 

For example, let P( x, y) be x + y = 0, where the domain (universe of discourse) is the integers. Then the 

first proposition is true, since for each x there exists a y, namely -x, such that P(x, y) holds. On the other 

hand, there is no one x such that x + y = 0 for every y. 

33. Let T(s,c,d) be the statement that students has taken class c in department d. Then, with the domains 
(universes of discourse) being the students in this class, the courses at this university, and the departments in 
the school of mathematical sciences, the given statement is VsVd::lcT(s, c, d). 
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35. Let T(x, y) mean that student x has taken class y, where the domain is all students in this class. We want to 

say that there exists exactly one student for whom there exists exactly one class that this student has taken. 
So we can write simply :3!x:3!y T(x. y). To do this without quantifiers, we need to expand the uniqueness 
quantifier using Exercise 52 in Section 1.5. Doing so, we have :3x\fz((:3y\fw(T(z,w) +-+ w = y)) +-+ z = x). 

37. By universal instantiation we have P(a) -+ Q(a) and Q(a) -+ R(a). By modus tollens we then conclude 

•Q(a). and again by modus tollens we conclude •P(a). 

39. We give a proof by contraposition that if fi is rational, then x is rational, assuming throughout that x 2'. 0. 

Suppose that ft = p / q is rational, q -j. 0. Then x = ( fi) 2 = p2 / q2 is also rational ( q2 is again nonzero). 

41. We can give a constructive proof by letting m = 10500 + 1. Then m 2 = (10500 + 1)2 > (10500 ) 2 = 101000. 

43. The first three positive cubes are 1, 8, and 27. If we want to find a number that cannot be written as the 

sum of eight cubes, we would look for a number that is 7 more than a small multiple of 8. Indeed, 23 will 

do. \Ve can use two S's but then would have to use seven l's to reach 23, a total of nine numbers. Clearly 

no smaller collection will do. This counterexample disproves the statement. 

45. The first three positive fifth powers are 1, 32, and 243. If we want to find a number that cannot be written as 
the sum of 36 fifth powers, we would look for a number that is 31 more than a small multiple of 32. Indeed, 

7 · 32 - 1 = 223 will do. We can use six 32's but then would have to use 31 l's to reach 223, a total of 37 

numbers. Clearly no smaller collection will do. This counterexample disproves the statement. 

WRITING PROJECTS FOR CHAPTER 1 

Books and articles indicated by bracketed symbols below are listed near the end of this manual. You should 

also read the general comments and advice you will find there about researching and writing these essays. 

1. An excellent website for this is www. paradoxes. co. uk. It includes a bibliography. 

2. Search your library's on-line catalog for a book with the word fuzzy in the title. You might find [BaGo], 

[DuPr], [Ka], [Ko3], or [McFr], for example. 

3. Look for this article (available on the Web): Marques-Silva, J. (2008) Practical Applications of Boolean 

Satisfiability. Also try a book published by the American Mathematical Society, the proceedings of a workshop 

on this topic: Satisfiability Problem: Theory and Applications. 

4. A Web search for ''solving sudoku" should get you more than enough sources. 

5. Even if you can't find a set, you may find some articles about it in materials for high school students and 

teachers, such as old issues of Mathematics Teacher. published by the National Council of Teachers of Math­

ematics. This journal, and possibly even copies of the game, may exist in the education library at your school 

(if there is one). The company that currently produces it has a website: wffnproof. com. 

6. Martin Gardner and others have written some books that annotate Carroll's writings quite extensively. Lewis 

Carroll has become a cult figure in certain circles. See also [Cal], [Ca2], and [Ca3], for original material. 

7. A textbook on logic programming and/or the language PROLOG, such as [Ho2] or [Sal], would be a logical 

place to start. Many bookstores have huge computer science sections, so that source should not be ignored. 
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8. A course on computational logic at Stanford in 2005-2006 had a Web page with class notes: 

logic. stanford. edu/classes/cs157 /2005fall/cs157 .html. Enderton's book on logic [En] would be a 

possible choice for background information. 

9. There are books on this subject, such as [Du]. 

10. A place to start might be a recent article on this topic in Science [Re]. As always, a Web search will also turn 
up more information. 

11. There is an excellent article on this by Keith Devlin, writing for the Mathematical Association of America 

(MAA); see www.maa.org/devlin/devlin_05_03 .html. 

12. The well-known on-line encyclopedia made up of articles by contributors is usually quite good, with accurate in­

formation and useful links and cross-references. See their article on Chomp: en. wikipedia. org/wiki/Chomp. 

13. The references given in the text are the obvious place to start. The mathematics education field has bought 

into P6lya's ideas, especially as they relate to problem-solving. See what the National Council of Teachers of 

Mathematics (www.nctm.org) has to say about it. 

14. The classic work in this field is [GrSh]. 
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CHAPTER2 
Basic Structures: Sets, Functions, Sequences, Sums, and Matrices 

SECTION 2.1 Sets 

This exercise set (note that this is a "set" in the mathematical sense!) reinforces the concepts introduced in 
this section-set description, subset and containment, cardinality, power set, and Cartesian product. A few of 

the exercises (mostly some of the even-numbered ones) are a bit subtle. Keep in mind the distinction between 

"is an element of" and "is a subset of." Similarly, there is a big difference between 0 and { 0}. In dealing 
with sets, as in most of mathematics, it is extremely important to say exactly what you mean. 

1. a) {1,-1} b) {1,2,3,4,5,6,7,8,9,10,11} 

c) {O, 1, 4, 9, 16, 25, 36, 49, 64, 81} d) 0 ( v'2 is not an integer) 

3. Recall that one set is a subset of another set if every element of the first set is also an element of the second. 
We just have to apply this definition here. 

a) Because every nonstop flight is a flight, every element in the first set is also an element of the second, so 

the first set is a subset of the second. Because there are flights that do have intermediate stops (say, from 

New York to Atlanta with a stop in Detroit), the second set is not a subset of the first. 

b) Because there is certainly at least one person who speaks English but not Chinese, and vice versa, neither 
set is a subset of the other. 

c) Every flying squirrel is a living creature that can fly, so the first set is a subset of the second. Because 

birds, for instance, are leaving creatures that can fly but are not flying squirrels, the second set is not a subset 

of the first. 

5. a) Yes; order and repetition do not matter. 

b) No; the first set has one element, and the second has two elements. 

c) No; the first set has no elements, and the second has one element (namely the empty set). 

7. a) Since 2 is an integer greater than 1, 2 is an element of this set. 

b) Since 2 is not a perfect square ( 12 < 2, but n2 > 2 for n > 1 ), 2 is not an element of this set. 

c) This set has two elements, and as we can clearly see, one of those elements is 2. 

d) This set has two elements, and as we can clearly see, neither of those elements is 2. Both of the elements 

of this set are sets; 2 is a number, not a set. 

e) This set has two elements, and as we can clearly see, neither of those elements is 2. Both of the elements 

of this set are sets; 2 is a number, not a set. 

f) This set has just one element, namely the set { {2}}. So 2 is not an element of this set. Note that {2} is 

not an element either, since {2} =f. { {2}}. 

9. a) This is false, since the empty set has no elements. 

b) This is false. The set on the right has only one element, namely the number 0, not the empty set. 

c) This is false. In fact, the empty set has no proper subsets. 
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d) This is true. Every element of the set on the left is, vacuously, an element of the set on the right; and the 

set on the right contains an element, namely 0, that is not in the set on the left. 

e) This is false. The set on the right has only one element, namely the number 0, not the set containing the 

number 0. 

f) This is false. For one set to be a proper subset of another, the two sets cannot be equal. 

g) This is true. Every set is a subset of itself. 

11. a) T (in fact x is the only element) b) T (every set is a subset of itself) 

c) F (the only element of { x} is a letter, not a set) d) T (in fact, { x} is the only element) 

e) T (the empty set is a subset of every set) f) F (the only element of { x} is a letter, not a set) 

13. The four months whose names don't contain the letter R form a subset of the set of twelve months, as shown 

here. 

January 

March 

February 

Apnl 

September 0 ctober 

November December 

15. We put the subsets inside the supersets. We also put dots in certain regions to indicate that those regions are 
not empty (required by the fact that these are proper subset relations). Thus the answer is as shown. 

u 

1 7. We need to show that every element of A is also an element of C. Let x E A. Then since A B, we can 

conclude that x E B. Furthermore, since B C, the fact that x E B implies that x E C, as we wished to 

show. 

19. The cardinality of a set is the number of elements it has. The number of elements in its elements is irrelevant. 

a) 1 b) 1 c) 2 d) 3 

21. a) {0,{a}} b) {0, {a}, {b}, {a,b}} c) {0,{0},{{0}},{0,{0}}} 

23. a) Since the set we are working with has 3 elements, the power set has 23 = 8 elements. 

b) Since the set we are working with has 4 elements, the power set has 24 = 16 elements. 

c) The power set of the empty set has 2° = 1 element. The power set of this set therefore has 21 = 2 elements. 

In particular, it is { 0, { 0}}. (See Example 14.) 

25. We need to prove two things, because this is an "if and only if" statement. First, let us prove the "if" part. 

We are given that A B. We want to prove that the power set of A is a subset of the power set of B, which 

means that if C A then C B. But this follows directly from Exercise 17. For the "only if" part, we are 

given that the power set of A is a subset of the power set of B. We must show that every element of A is also 

an element of B. So suppose a is an arbitrary element of A. Then {a} is a subset of A, so it is an element 

of the power set of A. Since the power set of A is a subset of the power set of B, it follows that {a} is an 

element of the power set of B, which means that {a} is a subset of B. But this means that the element of 

{a}, namely a, is an element of B, as desired. 
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27. In each case we need to list all the ordered pairs, and there are 4 x 2 = 8 of them. 

a) {(a,y), (a,z), (b,y), (b,z), (c,y), (c,z), (d,y), (d,z)} 
b) {(y,a), (y,b),(y,c), (y,d),(z,a), (z,b),(z,c), (z,d)} 

29. This is the set of triples (a, b, c), where a is an airline and b and c are cities. For example, (American, 

Rochester Hills Michigan, Middletown New Jersey) is an element of this Cartesian product. A useful subset of 

this set is the set of triples (a, b, c) for which a flies between band c. For example, (Delta, Detroit, New York) 
is in this subset, but the triple mentioned earlier is not. 

31. By definition, 0 x A consists of all pairs (x, a) such that x E 0 and a E A. Since there are no elements 

x E 0 , there are no such pairs, so 0 x A = 0 . Similar reasoning shows that A x 0 = 0. 

33. Recall that A 2 = A x A. Therefore here we must list all the ordered pairs of elements of A. 

a) {(0,0), (0,1),(0,3),(1,0), (1,1),(1,3), (3,0),(3,1),(3,3)} 

b) {(1,1),(1,2),(1,a),(1,b),(2,1), 1), (b,a), 

35. The Cartesian product Ax B has mn elements. (This problem foreshadows the general discussion of counting 

in Chapter 5.) To see that this answer is correct, note that for each a E A there are n different elements b E B 
with which to form the pair (a, b). Since there are m different elements of A, each leading to n different 
pairs, there must be mn pairs altogether. 

37. The Cartesian product Ax A has m2 elements. (This problem foreshadows the general discussion of counting 

in Chapter 6.) To see that this answer is correct, note that for each a E A there are m different elements 
b EA (including a itself) with which to form the pair (a,b). Since there are m different elements of A, each 
leading to m different pairs, there must be m 2 pairs altogether. Similarly, for each of the m 2 choices of a and 

b, there are m choices of c with which to form the triple (a, b, c) in A3 , so A3 has m 3 elements. Continuing 

in this way, we see that An has m n elements. 

39. The only difference between Ax Bx C and (Ax B) x C is parentheses, so for all practical purposes one can 

think of them as essentially the same thing. By Definition 9, the elements of A x B x C consist of 3-tuples 

(a, b, c), where a E A, b E B, and c E C. By Definition 8, the elements of (Ax B) x C consist of ordered 

pairs (p, c), where p E A x B and c E C, so the typical element of (A x B) x C looks like ((a, b), c). A 

3-tuple is a different creature from a 2-tuple, even if the 3-tuple and the 2-tuple in this case convey exactly 

the same information. To be more precise, there is a natural one-to-one correspondence between Ax B x C 
and (Ax B) x C given by (a, b, c) +---+ ((a, b), c). 

41. a) Every real number has its square not equal to -1. Alternatively, the square of a real number is never -1. 

This is true, since squares of real numbers are always nonnegative. 

b) There exists an integer whose square is 2. This is false, since the only two numbers whose squares are 2, 

namely J2 and -J2, are not integers. 

c) The square of every integer is positive. This is almost true, but not quite, since 02 f 0. 

d) There is a real number equal to its own square. This is true, since x = 1 (as well as x = 0) fits the bill. 

43. In each case we want the set of all values of x in the domain (the set of integers) that satisfy the given equation 

or inequality. 

a) The only integers whose squares are less than 3 are the integers whose absolute values are less than 2. So 

the truth set is {x E Z I x2 < 3} = {-1,0,1}. 
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b) All negative integers satisfy this inequality, as do all nonnegative integers other than 0 and 1. So the truth 

set is {x E Z J x2 > x} = Z- {O, 1} = { ... ,-2,-1,2,3,4, ... }. 

c) The only real number satisfying this equation is x = -1/2. Because this value is not in our domain, the 

truth set is empty: {x E Z J 2x + 1 = O} = 0. 

45. First we prove the statement mentioned in the hint. The "if" part is immediate from the definition of equality. 
The "only if" part is rather subtle. We want to show that if {{a},{a,b}} = {{c},{c,d}}, then a= c and 
b = d. First consider the case in which a I- b. Then { {a}, {a, b}} has exactly two elements, both of which 

are sets; exactly one of them contains one element, and exactly one of them contains two elements. Thus 

{ { c}, { c, d}} must have the same property; hence c cannot equal d, and so { c} is the element containing 

one element. Hence {a} = { c}, and so a = c. Also in this case the two-element elements {a, b} and { c, d} 
must be equal, and since b I- a = c, we must have b = d. The other possibility is that a = b. Then 

{{a},{a,b}} ={{a}}, a set with one element. Hence {{c},{c,d}} must also have only one element, which 

can only happen when c = d and the set is { { c}} . It then follows that a = c, and hence b = d, as well. 

Now there is really nothing else to prove. The property that we want ordered pairs to have is precisely 

the one that we just proved is satisfied by this definition. Furthermore, if we look at the proof, then it is 

clear how to "recover" both a and b from { {a}, {a, b}} . If this set has two elements, then a is the unique 

element in the one-element element of this set, and b is the unique member of the two-element element of this 

set other than a. If this set has only one element, then a and b are both equal to the unique element of the 

unique element of this set. 

47. We can do this recursively, using the idea from Section 5.4 of reducing a problem to a smaller instance of the 

same problem. Suppose that the elements of the set in question are listed: A= { a1 , a2 , a3 , ... , a,,}. First we 

will write down all the subsets that do not involve a,,. This is just the same problem we are talking about all 

over again, but with a smaller set---one with just n - 1 elements. We do this by the process we are currently 

describing. Then we write these same subsets down again, but this time adjoin a,, to each one. Each subset 

of A will have been written down, then-first all those that do not include a,,, and then all those that do. 

For example, using this procedure the subsets of {p, d, q} would be listed in the order 0, {p} , { d} , 
{p,d}, {q}, {p,q}, {d,q}, {p,d,q}. 

An alternative solution is given in the answer key in the back of the textbook. 

SECTION 2.2 Set Operations 

Most of the exercises involving operations on sets can be done fairly routinely by following the deEnitions. 

It is important to understand what it means for two sets to be equal and how to prove that two given sets 

are equal-using membership tables, using the definition to reduce the problem to logic, or showing that 

each is a subset of the other; see, for example, Exercises 5-24. It is often helpful when looking at operations 

on sets to draw the Venn diagram, even if you are not asked to do so. The symmetric difference is a 

fairly important set operation not discussed in the section; it is developed in Exercises 32-43. Two other new 

concepts, multisets and fuzzy sets, are also introduced in this set of exercises. 
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1. a) the set of students who live within one mile of school and walk to class (only students who do both of these 
things are in the intersection) 

b) the set of students who either live within one mile of school or walk to class (or, it goes without saying, 

both) 

c) the set of students who live within one mile of school but do not walk to class 

d) the set of students who live more than a mile from school but nevertheless walk to class 

3. a) We include all numbers that are in one or both of the sets, obtaining {O, 1, 2, 3, 4, 5, 6}. 

b) There is only one number in both of these sets, so the answer is { 3}. 

c) The set of numbers in A but not in B is {1, 2, 4, 5}. 

d) The set of numbers in B but not in A is {O, 6}. 

5. By definition A is the set of elements of the universal set that are not in A. Not being in A means being 

in A. Thus A is the same set as A. We can give this proof in symbols as follows: 

A = { x I •X E A} = { x I ••X E A} = { x I x E A} = A. 

7. These identities are straightforward applications of the definitions and are most easily stated using set-builder 

notation. Recall that T means the proposition that is always true, and F means the proposition that is 

always false. 

a) AU U = { x I x E A V x E U} = { x I x E A V T} = { x I T} = U 

b) An 0 = { x Ix EA/\ x E 0} = { x Ix EA /\ F} = { x IF}= 0 

9. a) We must show that every element (of the universal set) is in AU A. This is clear, since every element is 

either in A (and hence in that union) or else not in A (and hence in that union). 

b) We must show that no element is in An A. This is clear, since An A consists of elements that are in A 
and not in A at the same time, obviously an impossibility. 

11. These follow directly from the corresponding properties for the logical operations or and and. 

a) AU B = { x I x E A V x E B} = { x I x E B V x E A} = B U A 

b) An B = { x Ix EA/\ x EB}= { x Ix EB /\ x EA}= B n A 

13. We will show that these two sets are equal by showing that each is a subset of the other. Suppose x E 

An (AU B). Then x EA and x EAU B by the definition of intersection. Since x EA, we have proved that 

the left-hand side is a subset of the right-hand side. Conversely, let x E A. Then by the definition of union, 

x E AU B as well. Since both of these are true, x E An (AU B) by the definition of intersection, and we 
have shown that the right-hand side is a subset of the left-hand side. 

15. This exercise asks for a proof of one of De Morgan's laws for sets. The primary way to show that two sets are 

equal is to show that each is a subset of the other. In other words, to show that X = Y, we must show that 

whenever x E X, it follows that x E Y, and that whenever x E Y, it follows that x E X. Exercises 5-7 could 

also have been done this way, but it was easier in those cases to reduce the problems to the corresponding 

problems of logic. Here, too, we can reduce the problem to logic and invoke De Morgan's law for logic, but 

this problem requests specific proof techniques. 

a) This proof is similar to the proof of the dual property, given in Example 10. Suppose x E AU B. Then 

x rf_ AU B. which means that x is in neither A nor B. In other words, x rf- A and x rf_ B. This is equivalent 

to saying that x E A and x E B. Therefore x E An B' as desired. Conversely, if x E An B' then x E A 
and x E B. This means x rf- A and x rf- B, so x cannot be in the union of A and B . Since x rf- A U B, we 

conclude that x E A U B, as desired. 
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b) The following membership table gives the desired equality, since columns four and seven are identical. 

A E AUE AUE A E AnE 
--- --- - ---

1 1 1 0 0 0 0 
1 0 1 0 0 1 0 
0 1 1 0 1 0 0 
0 0 0 1 1 1 1 

17. This exercise asks for a proof of a generalization of one of De Morgan's laws for sets from two sets to three. 

a) This proof is similar to the proof of the two-set property, given in Example 10. Suppose x E An B n C. 

Then x An B n C, which means that x fails to be in at least one of these three sets. In other words, x A 
or x r:f. E or x r:f. C. This is equivalent to saying that x E A or x E E or x E C. Therefore x E AU E U C, as 
desired. Conversely, if x E AUE UC, then x E A or x E E or x E C. This means x r:f. A or x r:f. E or x r:f. C, 

so x cannot be in the intersection of A, E and C. Since x r:f. A n E n C, we conclude that x E A n E n C, 

as desired. 

b) The following membership table gives the desired equality, since columns five and nine are identical. 

A E c AnEnC AnEnC A E c AUE UC 

1 1 1 1 0 0 0 0 0 
1 1 0 0 1 0 0 1 1 
1 0 1 0 1 0 1 0 1 
1 0 0 0 1 0 1 1 1 
0 1 1 0 1 1 0 0 1 
0 1 0 0 1 1 0 1 1 

0 0 1 0 1 1 1 0 1 
0 0 0 0 1 1 1 1 1 

19. a) This is clear, since both of these sets are precisely { x I x E A /\ x r:f. E}. 
b) One approach here is to use the distributive law; see the answer section for that approach. Alternatively, 

we can argue directly as follows. Suppose x E (An E) U (An E). Then we know that either x E An E or 

x E An B (or both). If either case, this forces x E A. Thus we have shown that the left-hand side is a subset 

of the right-hand side. For the opposite direction, suppose x E A. There are two cases: x E E and x r:f. E. 
In the former case, x is then an element of An E and therefore also an element of (An E) U (An E). In the 

latter cases, x E E and therefore x is an element of An E and therefore also an element of (An E) U (An E). 

21. There are many ways to prove identities such as the one given here. One way is to reduce them to logical 

identities (some of the associative and distributive laws for V and /\). Alternately, we could argue in each 

case that the left-hand side is a subset of the right-hand side and vice versa. Another method would be to 

construct membership tables (they will have eight rows in order to cover all the possibilities). Here we choose 

the second method. First we show that every element of the left-hand side must be in the right-hand side 

as well. If x E AU (EU C), then x must be either in A or in EU C (or both). In the former case, we 

can conclude that x E AUE and thus x E (AUE) UC, by the definition of union. In the latter case, x 

must be either in E or in C (or both). In the former subcase, we can conclude that x E AU B and thus 

x E (AUE) UC, by the definition of union; in the latter subcase, we can conclude that x E (AU B) UC, 
again using the definition of union. The argument in the other direction is practically identical, with the roles 

of A, E, and C switched around. 

23. There are many ways to prove identities such as the one given here. One way is to reduce them to logical 

identities (some of the associative and distributive laws for V and /\ ). Alternately, we could argue in each 

case that the left-hand side is a subset of the right-hand side and vice versa. Another method would be to 
construct membership tables (they will have eight rows in order to cover all the possibilities). Here we choose 
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the third method. We construct the following membership table and note that the fifth and eighth columns 

are identical. 
A B c BnC Au (B n C) AuB Aue (Au B) n (AU C) 

1 1 1 1 1 1 1 1 
1 1 0 0 1 1 1 1 
1 0 1 0 1 1 1 1 
1 0 0 0 1 1 1 1 
0 1 1 1 1 1 1 1 
0 1 0 0 0 1 0 0 
0 0 1 0 0 0 1 0 
0 0 0 0 0 0 0 0 

25. These are straightforward applications of the definitions. 

a) The set of elements common to all three sets is { 4, 6}. 

b) The set of elements in at least one of the three sets is {O, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10}. 

c) The set of elements in C and at the same time in at least one of A and B is { 4, 5, 6, 8, 10}. 

d) The set of elements either in C or in both A and B (or in both of these) is {O, 2, 4, 5, 6, 7, 8, 9, 10}. 

27. a) In the figure we have shaded the A set with horizontal bars (including the double-shaded portion, which 

includes both horizontal and vertical bars), and we have shaded the set B- C with vertical bars (that portion 
inside B but outside C. The intersection is where these overlap-the double-shaded portion (shaped like an 
arrowhead). 

b) In the figure we have shaded the set A n B with horizontal bars (including the double-shaded portion, 

which includes both horizontal and vertical bars), and we have shaded the set A n C with vertical bars. The 

union is the entire region that has any shading at all (shaped like a tilted mustache). 

c) In the figure we have shaded the set An B with horizontal bars (including the double-shaded portion, 
which includes both horizontal and vertical bars), and we have shaded the set An C with vertical bars. The 

union is the entire region that has any shading at all (everything inside A except the triangular middle portion 

where all three sets overlap) portion (shaped like an arrowhead). 

(a) (b) (c) 

29. a) If B adds nothing new to A, then we can conclude that all the elements of B were already in A. In other 

words, B <:;; A. 

b) In this case, all the elements of A are forced to be in B as well, so we conclude that A <:;; B. 

c) This equality holds precisely when none of the elements of A are in B (if there were any such elements, then 

A - B would not contain all the elements of A). Thus we conclude that A and B are disjoint (A n B = 0). 

d) We can conclude nothing about A and B in this case, since this equality always holds. 

e) Every element in A- B must be in A, and every element in B - A must not be in A. Since no item can 

be in A and not be in A at the same time, there are no elements in both A - B and B - A. Thus the only 

way for these two sets to be equal is if both of them are the empty set. This means that every element of A 
must be in B, and every element of B must be in A. Thus we conclude that A = B. 

31. This is the set-theoretic version of the contrapositive law for logic, which says that p -+ q is logically equivalent 

to --.q -+ --.p. We argue as follows. 

A<:;; B = Vx(x E A-+ x E B) = Vx(x tf. B-+ x tf. A) = Vx(x E B -+ x EA) = B <:;;A 
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33. Clearly this will be the set of students majoring in computer science or mathematics but not both. 

35. This is just a restatement of the definition. An element is in (AU B) - (An B) if it is in the union (i.e., in 

either A or B), but not in the intersection (i.e., not in both A and B). 

37. We will use the result of Exercise 36 as well as some obvious identities (some of which are in Exercises 

a) A EB A= (A - A) U (A - A)= 0 u 0 = 0 b) A EB 0 =(A - 0) u (0 - A)= Au 0 =A 

c) A EB U =(A - U) u (U - A) = 0 u A= A d) A EB A= (A - A) u (A - A)= Au A= U 

39. We can conclude that B = 0. To see this, suppose that B contains some element b. If b E A, then b is 

excluded from A EB B, so A EB B cannot equal A. On the other hand, if b tf: A, then b must be in A EB B, 

so again A EB B cannot equal A. Thus in either case, A EB B -/=- A. We conclude that B cannot have any 
elements. 

41. Yes. To show that A= B, we need to show that x E A implies x E B and conversely. By symmetry, it will 

be enough to show one direction of this. So assume that A EB C = B EB C, and let x E A be given. There 

are two cases to consider, depending on whether x E C. If x E C, then by definition we can conclude that 

x t/: A EB C. Therefore x tf: B EB C. Now if x were not in B, then x would be in B EB C (since x E C by 
assumption). Since this is not true, we conclude that x E B, as desired. For the other case, assume that 

x t/: C. Then x E A EB C. Therefore x E B EB C as well. Again, if x were not in B, then it could not be in 

B EB C (since x t/: C by assumption). Once again we conclude that x E B, and the proof is complete. 

43. Yes. Both sides equal the set of elements that occur in an odd number of the sets A, B, C, and D. 

45. We give a proof by contradiction. If A U B is finite, then it has n elements for some natural number n. But 

A already has more than n elements, because it is infinite, and A U B has all the elements that A has, so 

A U B has more than n elements. This contradiction shows that A U B must be infinite. 

47. a) The union of these sets is the set of elements that appear in at least one of them. In this case the sets 

are "increasing": Ai A2 • · · An. Therefore every element in any of the sets is in An, so the union is 

An= {1,2, ... ,n}. 
b) The intersection of these sets is the set of elements that appear in all of them. Since Ai = { 1} , only the 

number 1 has a chance to be in the intersection. In fact 1 is in the intersection, since it is in all of the sets. 

Therefore the intersection is Ai = {1}. 

49. a) Here the sets are increasing. A bit string of length not exceeding 1 is also a bit string of length not 

exceeding 2, so Ai Az. Similarly, Az A3 A4 · · · An. Therefore the union of the sets Ai, Az, ... , 
An is just An itself. 

b) Since Ai is a subset of all the Ai 's, the intersection is Ai , the set of all nonempty bit strings of length 

not exceeding 1, namely {O, 1}. 

51. a) As i increases, the sets get larger: Ai C A2 C A3 · · ·. All the sets are subsets of the set of integers, 

and every integer is included eventually, so LJ:i Ai = Z. Because Ai is a subset of each of the others, 

n:i Ai= Ai= {-1, 0, 1}. 
b) All the sets are subsets of the set of integers, and every nonzero integer is in exactly one of the sets, so 

LJ:i Ai = Z - {O}. Each pair of these sets are disjoint, so no element is common to all of the sets. Therefore 

n:iAi = 0. 
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c) This is similar to part (a), the only difference being that here we are working with real numbers. Therefore 
LJ:1 Ai = R (the set of all real numbers), and n:1 Ai = A1 = [-1, 1] (the interval of all real numbers 
between -1 and 1, inclusive). 

d) This time the sets are getting smaller as i increases: · · · C A3 C A2 C A1 . Because A1 includes all 

the others, LJ:1 Ai = A1 = [1, oo) (all real numbers greater than or equal to 1). Every number eventually 

gets excluded as i increases, so n:1 A, = 0. Notice that oo is not a real number, so we cannot write 

n:1 Ai = { oo}. 

53. The ith digit in the string indicates whether the ith number in the universal set (in this case the number i) 

is in the set in question. 

a) {1,2,3,4,7,8,9,10} b) {2,4,5,6,7} c) {1, 10} 

55. We are given two bit strings, representing two sets. We want to represent the set of elements that are in the 

first set but not the second. Thus the bit in the ith position of the bit string for the difference is 1 if the ith 

bit of the first string is 1 and the ith bit of the second string is 0, and is 0 otherwise. 

57. We represent the sets by bit strings of length 26, using alphabetical order. Thus 

A is represented by 11 1110 0000 0000 0000 0000 0000, 

B is represented by 01 1100 1000 0000 0100 0101 0000, 

C is represented by 00 1010 0010 0000 1000 0010 0111, and 

D is represented by 00 0110 0110 0001 1000 0110 0110. 

To find the desired sets, we apply the indicated bitwise operations to these strings. 

a) 11 1110 0000 0000 0000 0000 0000 V 01 1100 1000 0000 0100 0101 0000 = 
111110 1000 0000 0100 0101 0000, which represents the set {a,b,c,d,e,g,p,t,v} 

b) 11 1110 0000 0000 0000 0000 0000 /\ 011100 1000 0000 0100 0101 0000 = 
01 1100 0000 0000 0000 0000 0000, which represents the set { b, c, d} 

c) (11 1110 0000 0000 0000 0000 0000 V 00 0110 0110 0001 1000 0110 0110) /\ 

(01 1100 1000 0000 0100 0101 0000 v 00 1010 0010 0000 1000 0010 0111) = 
11 1110 0110 0001 1000 0110 0110 /\ 01 1110 1010 0000 1100 0111 0111 = 
011110 0010 0000 1000 0110 0110, which represents the set {b,c,d,e,i,o,t,u,x,y} 

d) 11 1110 0000 0000 0000 0000 0000 v 01 1100 1000 0000 0100 0101 0000 v 
00 1010 0010 0000 1000 0010 0111 v 00 0110 0110 0001 1000 0110 0110 = 
11 1110 1110 0001 1100 0111 0111, which represents the set 

{a,b,c,d,e,g,h,i,n,o,p,t,u,v,x,y,z} 

59. We simply adjoin the set itself to the list of its elements. 

a) {1,2,3,{l,2,3}} b) {0} c) {0,{0}} d) {0,{0},{0,{0}}} 

61. a) The multiplicity of a in the union is the maximum of 3 and 2, the multiplicities of a in A and B. 
Since the maximum is 3, we find that a occurs with multiplicity 3 in the union. Working similarly with b, 

c (which appears with multiplicity 0 in B), and d (which appears with multiplicity 0 in A), we find that 

AU B = {3 ·a, 3 · b, 1 · c, 4 · d}. 

b) This is similar to part (a), with "maximum" replaced by "minimum." Thus An B = {2 ·a, 2 · b}. (In 
particular, c and d appear with multiplicity 0-i.e., do not appear-in the intersection.) 

c) In this case we subtract multiplicities, but never go below 0. Thus the answer is { 1 · a, 1 · c}. 

d) Similar to part (c) (subtraction in the opposite order); the answer is {1 · b,4 · d}. 

e) We add multiplicities here, to get { 5 · a, 5 · b, 1 · c, 4 · d}. 
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63. Assume that the universal set contains just Alice, Brian, Fred, Oscar, and Rita. We subtract the degrees of 

membership from 1 to obtain the complement. Thus F is {0.4 Alice, 0.1 Brian, 0.6 Fred, 0.9 Oscar, 0.5 Rita}, 

and R is {0.6 Alice, 0.2 Brian, 0.8 Fred, 0.1 Oscar, 0.3 Rita}. 

65. Taking the minimums, we obtain {0.4 Alice, 0.8 Brian, 0.2 Fred, 0.1 Oscar, 0.5 Rita} for F n R. 

SECTION 2.3 Functions 

The importance of understanding what a function is cannot be overemphasized-functions permeate all of 

mathematics and computer science. This exercise set enables you to make sure you understand functions 

and their properties. Exercise 33 is a particularly good benchmark to test your full comprehension of the 

abstractions involved. The definitions play a crucial role in doing proofs about functions. To prove that a 

function f : A ---> B is one-to-one, you need to show that x 1 -j. x 2 ---> f(xi) -j. f(x2) for all x 1 , x2 E A. To 

prove that such a function is onto, you need to show that \::/y EB 3x EA (f(x) = y). 

1. a) The expression I/x is meaningless for x = 0, which is one of the elements in the domain; thus the "rule" 

is no rule at all. In other words, f (0) is not defined. 

b) Things like Hare undefined (or, at best, are complex numbers). 

c) The "rule" for f is ambiguous. We must have f(x) defined uniquely, but here there are two values 

associated with every x, the positive square root and the negative square root of x 2 + 1 . 

3. a) This is not a function, because there may be no zero bit in S, or there may be more than one zero bit 

in S. Thus there may be no value for f (S) or more than one. In either case this violates the definition of a 

function, since f(S) must have a unique value. 

b) This is a function from the set of bit strings to the set of integers, since the number of 1 bits is always a 

clearly defined nonnegative integer. 

c) This definition does not tell what to do with a nonempty string consisting of all O's. Thus, for example, 

f(OOO) is undefined. Therefore this is not a function. 

5. In each case we want to find the domain (the set on which the function operates, which is implicitly stated in 

the problem) and the range (the set of possible output values). 

a) Clearly the domain is the set of all bit strings. The range is Z; the function evaluated at a string with n 
l's and no O's is n, and the function evaluated at a string with n O's and no l's is -n. 

b) Again the domain is clearly the set of all bit strings. Since there can be any natural number of O's in a bit 

string, the value of the function can be 0, 2, 4, .... Therefore the range is the set of even natural numbers. 

c) Again the domain is the set of all bit strings. Since the number of leftover bits can be any whole number 

from 0 to 7 (if it were more, then we could form another byte), the range is {O, 1, 2, 3, 4, 5, 6, 7}. 

d) As the problem states, the domain is the set of positive integers. Only perfect squares can be function 

values, and clearly every positive perfect square is possible. Therefore the range is {l, 4, 9, 16, ... }. 

7. In each case, the domain is the set of possible inputs for which the function is defined, and the range is the 

set of all possible outputs on these inputs. 

a) The domain is z+ x z+, since we are told that the function operates on pairs of positive integers (the word 

"pair" in mathematics is usually understood to mean ordered pair). Since the maximum is again a positive 

integer, and all positive integers are possible maximums (by letting the two elements of the pair be the same), 

the range is z+ . 
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b) We are told that the domain is z+ . Since the decimal representation of an integer has to have at least one 

digit, at most nine digits do not appear, and of course the number of missing digits could be any number less 
than 9. Thus the range is {O, 1, 2, 3, 4, 5, 6, 7, 8, 9}. 

c) We are told that the domain is the set of bit strings. The block 11 could appear no times, or it could 

appear any positive number of times, so the range is N. 

d) We are told that the domain is the set of bit strings. Since the first 1 can be anywhere in the string, its 

position can be 1, 2, 3, .... If the bit string contains no l's, the value is 0 by definition. Therefore the range 
is N. 

9. The floor function rounds down and the ceiling function rounds up. 

a)l b)O c)O d)-1 e)3 f)-1 

h) = 2J = llJ = 1 

11. We need to determine whether the range is all of {a, b, c, d}. It is for the function in part (a), but not for the 

other two functions. 

13. a) This function is onto, since every integer is 1 less than some integer. In particular, f(x + 1) = x. 

b) This function is not onto. Since n 2 + 1 is always positive, the range cannot include any negative integers. 

c) This function is not onto, since the integer 2, for example, is not in the range. In other words, 2 is not the 

cube of any integer. 

d) This function is onto. If we want to obtain the value x, then we simply need to start with 2x, since 

f(2x) = l2x/2l = lxl = x for all x E Z. 

15. An onto function is one whose range is the entire codomain. Thus we must determine whether we can write 

every integer in the form given by the rule for f in each case. 

a) Given any integer n, we have f(O, n) = n, so the function is onto. 

b) Clearly the range contains no negative integers, so the function is not onto. 

c) Given any integer m, we have f(m, 25) = m, so the function is onto. (We could have used any constant 

in place of 25 in this argument.) 

d) Clearly the range contains no negative integers, so the function is not onto. 

e) Given any integer m, we have f(m, 0) = m, so the function is onto. 

17. a) This may be one-to-one (if there are no shared offices) or not (if there are shared offices). 

b) Again, this depends on the policy of the school. Assuming that no bus gets more than one teacher 

chaperone, this function will be one-to-one. 

c) This is most likely not one-to-one, because two teachers might have the same salary. On the other hand, 

it may happen that everyone's salary is different, in which case it is one-to-one. 

d) This is clearly a one-to-one function, because social security numbers are unique--no two people can have 

the same social security number. 

19. a) The codomain could be the set of all offices in the school. This is probably not onto; for example, the 

secretaries probably have offices, and those offices are not in the range of this function (because the secretaries 

are not in the domain). 

b) The codomain could be the set of busses going on the field trip. This is probably an onto function, as long 

as school policy is that every bus has to have a teacher chaperone. 

c) The codomain could be all positive real numbers (with the understanding that the number represents the 

salary in dollars). The function is clearly not onto; no teacher has a salary of y'2 dollars or 1010 dollars. 
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d) The codomain could be all strings of nine digits. This function is not onto, because the social security 

number of everyone who is not a teacher at the school is not in the range of the function. 

21. Obviously there are an infinite number of correct answers to each part. The problem asked for a "formula." 

Parts (a) and ( c) seem harder here, since we somehow have to fold the negative integers into the positive 

ones without overlap. Therefore we probably want to treat the negative integers differently from the positive 
integers. One way to do this with a formula is to make it a two-part formula. If one objects that this is not 
"a formula,'' we can counter as follows. Consider the function g( x) = L 2x J /2x. Clearly if x 2: 0, then 2x is a 

positive integer, so g( x) = 2x /2x = 1. If x < 0, then 2x is a number between 0 and 1, so g( x) = 0 /2x = 0. 

Ifwe want to define a function that has the value fi(x) when x 2: 0 and h(x) when x < 0, then we can use 

the formula g(x) · fi(x) + (1- g(x)) · h(x). 

a) We could map the positive integers (and 0) into the positive multiples of 3, say, and the negative integers 

into numbers that are 1 greater than a multiple of 3, in a one-to-one manner. This will give us a function 

that leaves some elements out of the range. So let us define our function as follows: 

{
3x+3 

f(x) = 3lxl + 1 
if x 2: 0 
if x < 0 

The values of f on the inputs 0 through 4 are then 3, 6, 9, 12, 15; and the values on the inputs -1 to -4 are 

4, 7, 10, 13. Clearly this function is one-to-one, but it is not onto since, for example, 2 is not in the range. 

b) This is easier. We can just take f(x) = lxl + 1. It is clearly onto, but f(n) and f(-n) have the same 

value for every positive integer n, so f is not one-to-one. 

c) This is similar to part (a), except that we have to be careful to hit all values. Mapping the nonnegative 

integers to the odds and the negative integers to the evens will do the trick: 

f(x) = { 
if x 2: 0 
if x < 0 

d) Here we can use a trivial example like f(x) = 17 or a simple nontrivial one like f(x) = x2 + 1. Clearly 
these are neither one-to-one nor onto. 

23. a) One way to determine whether a function is a bijection is to try to construct its inverse. This function 

is a bijection, since its inverse (obtained by solving y = 2x + 1 for x) is the function g(y) = (y - 1) /2. 

Alternatively, we can argue directly. To show that the function is one-to-one, note that if 2x + 1 = 2x' + 1, 

then x = x'. To show that the function is onto, note that 2( (y - 1) /2) + 1 = y, so every number is in the 

range. 

b) This function is not a bijection, since its range is the set ofreal numbers greater than or equal to 1 (which 

is sometimes written [1, oo)), not all of R. (It is not injective either.) 

c) This function is a bijection, since it has an inverse function, namely the function f(y) = y113 (obtained by 

solving y = x 3 for x). 

d) This function is not a bijection. It is easy to see that it is not injective, since x and -x have the same 

image, for all real numbers x. A little work shows that the range is only { y I 0.5 :S: y < 1} = [0.5, 1). 

25. The key here is that larger denominators make smaller fractions, and smaller denominators make larger 

fractions. We have two things to prove, since this is an "if and only if" statement. First, suppose that f is 

strictly decreasing. This means that f(x) > f(y) whenever x < y. To show that g is strictly increasing, 

suppose that x < y. Then g(x) = 1/ f(x) < 1/ f(y) = g(y). Conversely, suppose that g is strictly increasing. 

This means that g( x) < g(y) whenever x < y. To show that f is strictly decreasing, suppose that x < y. 
Then f(x) = l/g(x) > l/g(y) = f(y). 
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27. a) Let f be the given strictly decreasing function from R to itself. We need to show that f(a) = f(b) implies 

a= b for all a, b E R. We give an indirect proof by proving the contrapositive: if a i- b, then f(a) i- f(b). 

There are two cases. Suppose a < b; then because f is strictly decreasing, it follows that f(a) > f(b). 

Similarly, if a> b, then f(a) < f(b). Thus in either case, f(a) i- f(b). 

b) We need to make the function decreasing, but not strictly decreasing, so, for example, we could take 

the trivial function f ( x) = 17. If we want the range to be all of R, we could define f in parts this way: 

f(x) = -x- l for x < -1; f(x) = 0 for -1:::; x:::; 1; and f(x) = -x+ 1forx>1. 

29. The function is not one-to-one (for example, f(2) = 2 = f(-2) ), so it is not invertible. On the restricted 

domain, the function is the identity function from the set of nonnegative real numbers to itself, f ( x) = x, so 

it is one-to-one and onto and therefore invertible; in fact, it is its own inverse. 

31. In each case, we need to compute the values of f(x) for each x ES. 

a) Note that f(±2) = l(±2)2 /3J = l4/3J = 1, J(±l) = l(±1)2 /3J = ll/3J = 0, f(O) = l02 /3J = lOJ = 0, 
and f (3) = l 32 /3 J = l 3 J = 3. Therefore f (S) = {O, 1, 3}. 

b) In addition to the values we computed above, we note that f(4) = 5 and f(5) = 8. Therefore f(S) = 
{0,1,3,5,8}. 

c) Note this time also that f(7) = 16 and f(ll) = 40, so f(S) = {0,8, 16,40}. 

d) {f(2),f(6),f(10),f(l4)} = {1,12,33,65} 

33. In both cases, we can argue directly from the definitions. 

a) Assume that both f and g are one-to-one. We need to show that fog is one-to-one. This means that 

we need to show that if x and y are two distinct elements of A, then f(g(x)) i- f(g(y)). First, since g is 
one-to-one, the definition tells us that g(x) i- g(y). Second, since now g(x) and g(y) are distinct elements 

of B, and since f is one-to-one, we conclude that f(g(x)) i-f(g(y)), as desired. 

b) Assume that both f and g are onto. We need to show that f o g is onto. This means that we need to 

show that if z is any element of C, then there is some element x E A such that f(g(x)) = z. First, since 

f is onto, we can conclude that there is an element y E B such that f (y) = z. Second, since g is onto and 
y E B, we can conclude that there is an element x EA such that g(x) = y. Putting these together, we have 

z = f(y) = f(g(x)), as desired. 

35. To establish the setting here, let us suppose that g : A ___, B and f : B ___, C. Then f o g: A ___, C. We are 

told that f and fog are onto. Thus all of C gets "hit" by the images of elements of B; in fact, each element 

in C gets hit by an element from A under the composition f o g. But this does not seem to tell us anything 

about the elements of B getting hit by the images of elements of A. Indeed, there is no reason that they 

must. For a simple counterexample, suppose that A= {a}, B = {b1 ,b2 }, and C = {c}. Let g(a) = b1 , and 

let f(b 1 ) = c and f(b2 ) = c. Then clearly f and fog are onto, but g is not, since b2 is not in its range. 

37. We just perform the indicated operations on the defining expressions. Thus f + g is the function whose value 

at x is (x2 +1) + (x + 2), or, more simply, (f + g)(x) = x2 + x + 3. Similarly Jg is the function whose value 

at x is (x2 + l)(x + 2); in other words, (f g)(x) = x3 + 2x2 + x + 2. 

39. We simply solve the equation y = ax + b for x. This gives x = (y - b) /a, which is well-defined since a i- 0. 

Thus the inverse is 1-1 (y) = (y-b)/a. To check that our work is correct, we must show that f of-1 (y) = y for 

all y E R and that 1-1 o f(x) = x for all x E R. Both of these are straightforward algebraic manipulations. 

For the first, we have f o 1-1 (y) = J(f-1 (y)) = J((y- b)/a) = a((y- b)/a) + b = y. The second is similar. 
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41. a) Let us arrange for 8 and T to be nonempty sets that have empty intersection. Then the left-hand side will 

be f(0), which is the empty set. If we can make the right-hand side nonempty, then we will be done. We can 

make the right-hand side nonempty by making the codomain consist of just one element, so that J(8) and 

f(T) will both be the set consisting of that one element. The simplest example is as follows. Let A = {1, 2} 
and B = {3}. Let f be the unique function from A to B (namely /(1) = /(2) = 3 ). Let S = {1} and 
T = {2}. Then !(8 n T) = /(0) = 0, which is a proper subset of /(8) n f (T) = {3} n {3} = {3}. 

b) Assume that f is one-to-one. We must show that every element of l (8) n l (T) is an element of l (8 n T). 
Let y E B be an element of 1(8) n l(T). Then y E 1(8), so y = f(xi) for some x 1 E 8. Similarly, y E l (T), 
so y = l (x2) for some X2 ET. Because l is one-to-one, it follows that x1 = x 2 . This element is therefore in 

8 n T' so y E l (8 n T). 

43. a) We want to find the set of all numbers whose floor is 0. Since all numbers from 0 to 1 (including 0 but 

not 1) round down to 0, we conclude that g-1 ( {O}) = { x I 0 x < 1} = [O, 1). 

b) This is similar to part (a). All numbers from -1 to 2 (including -1 but not 2) round down to -1, 0, 
or l; we conclude that g- 1 ({-1,0, 1}) = {x I = [-1,2). 

c) Since g(x) is always an integer, there are no values of x such that g(x) is strictly between 0 and 1. Thus 

the inverse image in this case is the empty set. 

45. Note that the complementation here is with respect to the relevant universal set. Thus S = B - 8 and 

l- 1(8) =A- 1-1(8). There are two things to prove in order to show that these two sets are equal: that the 

left-hand side of the equation is a subset of the right-hand side, and that the right-hand side is a subset of the 

left-hand side. First let x E 1-1 (S). This means that l (x) ES, or equivalently that l (x) tt 8. Therefore by 

definition of inverse image, x tt 1-1(8), so x E 1-1(8). For the other direction, assume that x E 1-1(8). 

Then x tt l- 1(8). By definition this means that l(x) tt 8, which means that l(x) ES. Therefore by 
definition, x E l- 1(S). 

47. There are three cases. Define the "fractional part" of x to be l(x) = x- lxJ. Clearly l(x) is always between 

0 and 1 (inclusive at 0, exclusive at 1), and x = lxJ + l(x). If l(x) is less then x - have a 

value slightly less than l x J ' so when we round up, we get l x J . In other words, in this case r x - l = l x J ' 
and indeed that is the integer closest to x. If l(x) is greater then x - have a value slightly 

greater than l x J , so when we round up, we get l x J + 1. In other words, in this case Ix - l = l x J + 1, 

and indeed that is the integer closest to x in this case. Finally, if the fractional part is exactly , then x is 

midway between two integers, and r x - l = l x J ' which is the smaller of these two integers. 

49. We can write the real number x as l x J + t, where t is a real number satisfying 0 t < 1. Since t = x - l x J , 
we have 0 x - l x J < 1. The first two inequalities, x - 1 < l x J and l x J x, follow algebraically. For the 

other two inequalities, we can write x = r x l - E, where again 0 E < 1. Then 0 r x l - x < 1, and again 

the desired inequalities follow by easy algebra. 

51. a) One direction (the "only if" part) is obvious: If x < n, then since lxJ x it follows that lxJ < n. We 

will prove the other direction (the "if" part) indirectly (we will prove its contrapositive). Suppose that x 2: n. 

Then "the greatest integer not exceeding x" must be at least n, since n is an integer not exceeding x. That 

is, lx J 2: n. 
b) One direction (the "only if" part) is obvious: If n < x, then since x Ix l it follows that n < f x l . We 
will prove the other direction (the "if" part) indirectly (we will prove its contrapositive). Suppose that n 2: x. 

Then "the smallest integer not less than x" must be no greater than n, since n is an integer not less than x. 

That is, lxl n. 
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53. If n is even, then n = 2k for some integer k. Thus l n/2 J = l k J = k = n/2. If n is odd, then n = 2k + 1 for 
some integer k. Thus Ln/2J = Lk + = k = (n -1)/2. 

55. Without loss of generality we can assume that x 2 0, since the equation to be proved is equivalent to the 

same equation with -x substituted for x. Then the left-hand side is f-x l by definition, and the right-hand 

side is - l x J . Thus this problem reduces to Exercise 54. Its proof is straightforward. Write x as n + E, where 
n is a natural number and E is a real number satisfying 0 s E < 1. Then clearly r -x l = r -n - El = -n and 
-LxJ =-Ln+Ej =-n as well. 

57. In some sense this question is its own answer-the number of integers strictly between a and b is the number 

of integers strictly between a and b. Presumably we seek an expression involving a, b, and the floor and/or 
ceiling function to answer this question. If we round a down and round b up to integers, then we will be 
looking at the smallest and largest integers just outside the range of integers we want to count, respectively. 

These values are of course la J and fb l , respectively. Then the answer is f bl - la J - 1 (just think of counting 

all the integers between these two values, excluding both ends-if a row of fenceposts one foot apart extends 

for k feet, then there are k - 1 fenceposts not counting the end posts). Note that this even works when, for 
example, a= 0.3 and b = 0.7. 

59. Since a byte is eight bits, all we are asking for in each case is f n/81 , where n is the number of bits. 

a) f7/8l = 1 b) f17/8l = 3 c) f1001/8l = 126 d) f28800/8l = 3600 

61. In each case we need to divide the number of bytes (octets) by 1500 and round up. In other words, the answer 

is r n/15001, where n is the number of bytes. 

a) f150,000/1500l = 100 b) f384,000/1500l = 256 c) fl,544,000/15001 = 1030 
d) r 45,300,000;15001 = 30,200 

63. The graph will look exactly like the graph of the function f ( x) = l x J , shown in Figure lOa, except that the 

picture will be compressed by a factor of 2 in the horizontal direction, since x has been replaced by 2x. 

-2 -1 
-1 

_, -2 

_, -3 

65. This is a step function, with values changing only at the integers. We note the pattern that f(x) jumps by 1 

when x passes through an odd integer (because of the lxJ term), and by 2 when x passes through an even 

integer (an additional jump caused by the l x /2 J term). The result is as shown. 

-3 -2 -1 1 2 3 4 
-1 

-2 

_, -3 

-4 

_, -5 
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67. a) The graph will look exactly like the graph of the function f(x) = lxJ, shown in Figure lOa, except that 

the picture will be shifted to the left by unit, since x has been replaced by x + = x - ( -

3 _, 

2 _, 

1 _, 

-4 -2_, -1 4 

_, -2 

_, -3 

b) The graph will look exactly like the graph of the function f(x) = l2xj, shown in the solution to Exercise 63, 

except that the picture will be shifted to the left by unit, since x has been replaced by x + Alternatively, 

we can note that f(x) can be rewritten as l2xj + 1, so the graph is the graph shown in the solution to 

Exercise 63 shifted up one unit. 

-2 -1 
_, -1 

_, -2 

_, -3 

c) The graph will look exactly like the graph of the function f(x) = j x l, shown in Figure lOb, except that 

the x-axis is stretched by a factor of 3. Thus we can use the same picture and just relabel the x-axis. 

-12 -9 -6 -3 3 6 9 12 
-1 

-2 

-3 

d) The graph is a step version of the usual hyperbola y = 1/x. Note that x = 0 is not in the domain. The 

graph can be drawn by first plotting the points at which 1/x is an integer (x = 1, ... ) and then 
filling in the horizontal segments, making sure to note that they go to the right (for example, if x is a little 
bigger than then 1/x is a little less than 2, so f(x) = 2, since we are rounding up here). Note that 

f(x) = 1 for x 2 1, and f(x) = 0 for x < -1. 

4 eo 
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-
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e) The key thing to note is that since we can pull integers outside the floor and ceiling function (identity (4) 

in Table 1), we can write f ( x) more simply as l x J + j x l · When x is an integer, this is just 2x. When x is 

between two integers, however, this has the value of the integer between the two integers 2 l x J and 2 j x l . The 

graph is therefore as shown here. 
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4 • 
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f} The basic shape is the parabola, y = x2 . In particular, for x an even integer, l(x) = x2 , since the terms 

inside the floor and ceiling function symbols are integers. However, because of these step functions, the curve 

is broken into steps. At even integers other than x = 0 there are isolated points in the graph. Also, the graph 

takes jumps at all the integer and half-integer values outside the range -2 < x < (where in fact l(x) = 0). 
The portion of the graph near the origin is shown here. 
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• 

-2 -1 

4 

-1 

-2 

-3 

-4 

g) Despite the complicated-looking formula, this is really quite similar to part (a}; in fact, we'll see that 

it's identical! First note that the expression inside the outer ceiling function symbols is always going to be a 

half-integer; therefore we can tell exactly what its rounded-up value will be, namely l x - J + 1. Furthermore, 

since identity (4) of Table 1 allows us to move the 1 inside the floor function symbols, we have l(x) = lx+ 

Therefore this is the same function as in part (a). 

69. We simply need to solve the equation y = x3 +1 for x. This is easily done by algebra: x = (y-1)113 . Therefore 

the inverse function is given by the rule 1-1 (y) = (y-1)113 (or, equivalently, by the rule 1-1 (x) = (x -1) 113 , 

since the variable in the definition is just a dummy variable). 

71. We can prove all of these identities by showing that the left-hand side is equal to the right-hand side for all 

possible values of x. In each instance (except part ( c), in which there are only two cases), there are four cases 

to consider, depending on whether x is in A and/or B. 

a) If x is in both A and B, then fAnB(x) = 1; and the right-hand side is 1 · 1 = 1 as well. Otherwise 

x tJ_ A n B , so the left-hand side is 0, and the right-hand side is either 0 · 1 or 1 · 0 or 0 · 0, all of which are 

also 0. 

b} If xis in both A and B, then lAuB(x) = 1; and the right-hand side is 1+1-1·1=1 as well. If xis 

in A but not B, then x E AU B, so the left-hand side is still 1, and the right-hand side is 1 + 0 - 1 · 0 = 1, 

as desired. The case in which x is in B but not A is similar. Finally, if x is in neither A nor B, then the 

left-hand side is 0, and the right-hand side is 0 + 0 - 0 · 0 = 0 as well. 

c) If x E A, then x tJ_ A, so f-x( x) = 0. The right-hand side equals 1 - 1 = 0 in this case, as well. On the 

other hand, if x tJ_ A, then x E A, so the left-hand side is 1, and the right-hand side is 1 - 0 = 1 as well. 

d} If x is in both A and B, then x tJ_ A EBB, so 1 AEFJB(x) = 0. The right-hand side is 1+1 - 2 · 1·1 = 0 

as well. Next, if x E A but x tJ_ B, then x E A EBB, so the left-hand side is 1. The right-hand side is 

1 + 0 - 2 · 1 · 0 = 1 as well. The case x E B /\ x tJ_ A is similar. Finally, if x is in neither A nor B, then 

x tJ_ A EBB, so the left-hand side is 0; and the right-hand side is also 0 + 0 - 2 · 0 · 0 = 0. 
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73. a) This is true. Since lxJ is already an integer, flxJl = lxJ. 
b) A little experimentation shows that this is not always true. To disprove it we need only produce a 

counterexample, such as x = In that case the left-hand side is l 1 J = 1, while the right-hand side is 

2. 0 = o. 
c) This is true. We prove it by cases. If x is an integer, then by identity (4b) in Table 1, we know that 

f x + y l = x + f y l , and it follows that the difference is 0. Similarly, if y is an integer. The remaining case 
is that x = n + E and y = m + 8, where n and m are integers and E and 8 are positive real numbers 
less than 1 . Then x + y will be greater than m + n but less than m + n + 2, so f x + y l will be either 

m + n + 1 or m + n + 2. Therefore the given expression will be either (n + 1) + (m + 1) - (m + n + 1) = 1 or 

(n + 1) + (m + 1) - (m + n + 2) = 0, as desired. 

d) This is clearly false, as we can find with a little experimentation. Take, for example, x = 1/10 and y = 3. 
Then the left-hand side is f3/10l = 1, but the right-hand side is 1 · 3 = 3. 

e) Again a little trial and error will produce a counterexample. Take x = 1/2. Then the left-hand side is 1 

while the right-hand side is 0. 

75. a) If x is a positive integer, then the two sides are identical. So suppose that x = n 2 + m + E, where n is 
the largest perfect square integer less than x, m is a nonnegative integer, and 0 < E < 1. For example, if 

x = 13.2, then n = 3, m = 4, and E = 0.2. Then both fa and VIXJ = Jn2 + m are between n and n + 1. 

Therefore both sides of the equation equal n. 

b) If x is a positive integer, then the two sides are identical. So suppose that x = n2 - m - E, where n is 

the smallest perfect square integer greater than x, m is a nonnegative integer, and E is a real number with 

0 < E < 1. For example, if x = 13.2, then n = 4, m = 2, and E = 0.8. Then both fa and v1JXT = Jn2 -- m 
are between n - 1 and n. Therefore both sides of the equation equal n. 

77. In each case we easily read the domain and codomain from the notation. The domain of definition is obtained 

by determining for which values the definition makes sense. The function is total if the domain of definition 
is the entire domain (so that there are no values for which the partial function is undefined). 

a) The domain is Z and the codomain is R. Since division is possible by every nonzero number, the domain 

of definition is all the nonzero integers; { 0} is the set of values for which f is undefined. (It is not total.) 

b) The domain and codomain are both given to be Z. Since the definition makes sense for all integers, this 

is a total function, whose domain of definition is also Z; the set of values for which f is undefined is 0. 

c) By inspection, the domain is the Cartesian product Z x Z , and the co domain is Q . Since fractions cannot 

have a 0 in the denominator, we must exclude the "slice" of Z x Z in which the second coordinate is 0. Thus 

the domain of definition is Z x (Z - {O}), and the function is undefined for all values in Z x {O}. It is not a 

total function. 

d) The domain is given to be Z x Z and the codomain is given to be Z. Since the definition makes sense 

for all pairs of integers, this is a total function, whose domain of definition is also Z x Z; the set of values for 

which f is undefined is 0. 

e) Again the domain and codomain are Z x Z and Z, respectively. Since the definition is only stated for 

those pairs in which the first coordinate exceeds the second, the domain of definition is { ( m, n) I m > n}, and 

therefore the set of values for which the function is undefined is { ( m, n) I m ::; n}. It is not a total function. 

79. a) By definition, to say that S has cardinality m is to say that S has exactly m distinct elements. Therefore 

we can imagine enumerating them, as a child counts objects: assign the first object to 1, the second to 2, and 

so on. This provides the one-to-one correspondence. 

b) By part (a), there is a bijection f from S to {1,2, ... ,m} and a bijection g from T to {1,2, ... ,m}. 
This tells us that g- 1 is a bijection from {1, 2, ... , m} to T. Then the composition g- 1 of is the desired 
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bijection from S to T. 

SECTION 2.4 Sequences and Summations 

This exercise set contains a lot of routine practice with the concept of and notation for sequences. It also 

discusses telescoping sums; the product notation, corresponding to the summation notation discussed in 

the section; and the factorial function, which occurs repeatedly in subsequent chapters. There are also a 

few challenging exercises on more complicated sequences and sums. 

1. a) a 0 =2·(-3)0 +5°=2·1+1=3 b) a 1 =2·(-3) 1 +51 =2·(-3)+5=-1 

c) a4 = 2 · (-3)4 + 54 = 2 · 81+625 = 787 d) a5 = 2 · (-3)5 + 55 = 2 · (-243) + 3125 = 2639 

3. In each case we simply evaluate the given function at n = 0, 1, 2, 3. 

a) ao = 2° + 1 = 2, a 1 = 21 + 1 = 3, a2 = 22 + 1 = 5, a3 = 23 + 1 = 9 

b) ao = 11 = 1, a1 = 22 = 4, a2 = 33 = 27, a3 = 44 = 256 

c) ao = L0/2J = 0, a1 = Ll/2J = 0, a2 = L2/2J = 1, a3 = L3/2j = 1 

d) ao = L0/2j + I0/21 = 0 + 0 = 0, ai = Ll/2j + ll/21 = 0 + 1 = 1, az = L2/2j + 12/21 
a3 = L3/2J + 13/21=1+2 = 3. Note that Ln/2J + ln/21 always equals n. 

1+1 = 2, 

5. In each case we just follow the instructions. 

a) 2,5,8,11,14,17,20,23,26,29 b) 1,1,1,2,2,2,3,3,3,4 c) 1,1,3,3,5,5,7,7,9,9 

d) This requires a bit of routine calculation. For example, the fifth term is 5! - 25 = 120 - 32 = 88. The first 

ten terms are -1, -2, -2, 8, 88, 656, 4912, 40064, 362368, 3627776. 

e) 3,6,12,24,48,96,192,384,768,1536 f) 2,4,6,10,16,26,42,68,110,178 

g) For n = 1, the binary expansion is 1, which has one bit, so the first term of the sequence is 1. For n = 2, 
the binary expansion is 10, which has two bits, so the second term of the sequence is 2. Continuing in this 
way we see that the first ten terms are 1,2,2,3,3,3,3,4,4,4. Note that the sequence has one 1, two 2's, 

four 3's, eight 4's, as so on, with 2k-l copies of k. 

h) The English word for 1 is "one" which has three letters, so the first term is 3. This makes a good 

brain-teaser; give someone the sequence and ask her or him to find the pattern. The first ten terms are 
3,3,5,4,4,3,5,5,4,3. 

7. One pattern is that each term is twice the preceding term. A formula for this would be that the nth term 

is 2n-l. Another pattern is that we obtain the next term by adding increasing values to the previous term. 

Thus to move from the first term to the second we add 1; to move from the second to the third we add 2 ; 

then add 3, and so on. So the sequence would start out 1, 2, 4, 7, 11, 16, 22, .... We could also have trivial 
answers such as the rule that the first three terms are 1, 2, 4 and all the rest are 17 (so the sequence is 

1, 2, 4, 17, 17, 17, ... ), or that the terms simply repeat 1, 2, 4, 1, 2, 4, 1, 2, 4, .... Here is another pattern: Take 

n points on the unit circle, and connect each of them to all the others by line segments. The inside of the 

circle will be divided into a number of regions. What is the largest this number can be? Call that value an. 

If there is one point, then there are no lines and therefore just the one original region inside the circle; thus 

a 1 = 1. If n = 2, then the one chord divides the interior into two parts, so a2 = 2. Three points give us a 

triangle, and that makes four regions (the inside of the triangle and the three pieces outside the triangle), so 

a3 = 4. Careful drawing shows that the sequence starts out 1, 2, 4, 8, 16, 31. That's right: 31, not 32. 
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Creative students may well find other rules or patterns with various degrees of appeal. 

9. We need to compute the terms of the sequence one at a time, since each term is dependent upon one or more 
of the previous terms. 

a) We are given ao = 2. Then by the recurrence relation an = 6an-1 we see (by letting n = 1) that a 1 = 
6ao = 6·2 = 12. Similarly a2 = 6a1 = 6·12 = 72, then a3 = 6a2 = 6·72 = 432, and a4 = 6a3 = 6·432 = 2592. 

b) a1 = 2 (given), a2 = ai = 22 = 4, a3 42 = 16, a4 162 = 256, a5 2562 = 65536 

c) This time each term depends on the two previous terms. We are given a0 = 1 and a 1 = 2. To compute 

a2 we let n = 2 in the recurrence relation, obtaining a 2 = a1 + 3a0 = 2 + 3 · 1 = 5. Then we have 

a3 = a2 + 3a1 = 5 + 3 · 2 = 11 and a4 = a3 + 3a2 = 11 + 3 · 5 = 26. 

d) ao = 1 (given), a1 = 1 (given), a2 = 2a1+22ao = 2 · 1+4 · 1 = 6, a3 = 3a2 + 32a1 =3·6+9 · 1 = 27, 
a4 = 4a3 + 42a2 = 4 · 27 + 16 · 6 = 204 

e) We are given ao = 1, ai = 2, and a 2 = 0. Then a3 = a2 + a0 = 0 + 1 = 1 and a4 = a3 + a 1 = 1 + 2 = 3. 

11. a) We simply plug in n = 0, n = 1, n = 2, n = 3, and n = 4. Thus we have a0 = 2° + 5 · 3° = 1 + 5 · 1 = 6, 

a1 = 21 + 5 · 3I = 2 + 5 · 3 = 17, a2 = 22 + 5 · 32 = 4 + 5 · 9 = 49, a3 = 23 + 5 · 33 = S + 5 · 27 = 143, and 
a4 = 24 + 5 · 34 = 16 + 5 · Sl = 421. 

b) Using our data from part (a), we see that 49 = 5 · 17 - 6 · 6, 143 = 5 · 49 - 6 · 17, and 421 = 5 · 143 - 6 · 49. 

c) This is algebra. The messiest part is factoring out a large power of 2 and a large power of 3. If we substitute 
n - 1 for n in the definition we have an-1 = 2n-l + 5 · 3n-I; similarly an_2 = 2n-2 + 5 · 3n-2. We start with 

the right-hand side of our desired identity: 

5an-I - 6an-2 = 5(2n-l + 5 · 3n-l) - 6(2n-2 + 5 · 3n-2) 

= 2n-2(10 - 6) + 3n-2(75 - 30) 

= 2n-2 · 4 + 3n-2 · 9 · 5 

= 2n + 3n . 5 = an 

13. In each case we have to substitute the given equation for an into the recurrence relation an =San-I -16an_2 
and see if we get a true statement. Remember to make the appropriate substitutions for n (either n - 1 or 

n - 2) on the right-hand side. What we are really doing here is performing the inductive step in a proof by 

mathematical induction: if the formula is correct for an-I (and also for an-2, etc., in some cases), then the 
formula is also correct for an . 

a) Plugging an = 0 into the equation an = 8an-1 - 16an_2 , we obtain the true statement that 0 = 0. 

Therefore an = 0 is a solution of the recurrence relation. 

b) Plugging an = 1 into the equation an =San-I -16an-2, we obtain the false statement 1 = S· 1-16· 1 = -S. 
Therefore an = 1 is not a solution. 

c) Plugging an= 2n into the equation an= 8an-l -16an_2 , we obtain the statement 2n = s.2n-1-15.2n-2. 

By algebra, the right-hand side equals 2n-2 (8 · 2 - 16) = 0. Since this is not equal to the left-hand side, we 

conclude that an = 2n is not a solution. 

d) Plugging an= 4n into the equation an= San-I -16an-2, we obtain the statement 4n = s.4n-l _ 15.4n-2 . 

By algebra, the right-hand side equals 4n-2 (S · 4-16) = 4n-2 • 16 = 4n-2 · 42 = 4n. Since this is the left-hand 

side, we conclude that an = 4n is a solution. 

e) Plugging an = n4n into the equation an= 8an-l -16an_2 , we obtain the statement n4n = 8(n-1)4n-l -

l6(n-2)4n-2 . By algebra, the right-hand side equals 4n-2 (S(n-1)·4-16(n-2)) = 4n-2 (32n-32-16n+32) = 

4n-2(l6n) = 4n-2 · 42n = n4n. Since this is the left-hand side, we conclude that an= n4n is a solution. 
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f) Plugging a,, = 2 · 4n + 3n4" into the equation an = 8an-l - 16a,,_2, we obtain the statement 2 · 4n + 
3n4" = 8(2 · 4n-l + 3(n - 1)4n-l) - 16(2 · 4n-2 + 3(n - 2)4n-2). By algebra, the right-hand side equals 

4"-2 (8 · 2 ·4+8 ·3(n-1) · 4-16 · 2-16 · 3(n-2)) = 4n-2(64+96n-96-32-48n+96) = 4n-2(48n+32) = 
4n-2 ·42(3n+2) = (2+3n)4n. Since this is the same as the left-hand side, we conclude that an= 2.4n +3n4n 

is a solution. 

g) Plugging an= (-4)n into the equation a,, = 8an_ 1 -l6a11 _2, we obtain the statement (-4)" = 8·(-4)"- 1 -

16· (-4)n-2. Byalgebratheright-handsideequals (-4)"-2(8·(-4)-16) = (-4)n-2(-48) = -3(-4)n. Since 

this is not equal to the left-hand side, we conclude that an= (-4)n is not a solution. 

h) Plugging a,, = n 24n into the equation an = 8a11 _1 - l6a11 _ 2 , we obtain the statement n 24n = 8(n -

1)24n- 1 -16(n-2) 24n-2. By algebra, the right-hand side equals 4n-2 (8(n-1)2 ·4-16(n-2)2 ) = 4n-2 (32(n2-

2n + 1) -16(n2 - 4n+ 4)) = 4n-2(32n2 - 64n + 32 -16n2 + 64n- 64) = 4"-2 (16n2 - 32) = 4n-2 · 42 (n2 - 2) = 
4"(n2 

- 2). Since this is not equal to the left-hand side, we conclude that an= n24n is not a solution. 

15. In each case we have to plug the purported solution into the right-hand side of the recurrence relation and see 

if it simplifies to the left-hand side. The algebra can get tedious, and it is easy to make a mistake. 

a) We have 
an-l + 2an-2 + 2n - 9 = -(n - 1) + 2 + 2(-(n - 2) + 2) + 2n - 9 

= -n+2 =an. 

b) We have 

an-l + 2an-2 + 2n - 9 = 5(-1)"- 1 
- (n - 1) + 2 + 2(5(-1)11

-
2 - (n - 2) + 2) + 2n - 9 

= 5(-1)"-2(-1+2) - n + 2 =a,,. 

Note that we had to factor out ( -1)11
-

2 and that this is the same as ( -1 )" since ( -1 )2 = 1. 

c) We have 

an-l + 2a,,_2 + 2n - 9 = 3(-l)n-l + 2n-l - (n - 1) + 2 + 2(3(-1)"-2 + 2n-2 - (n - 2) + 2) + 2n - 9 

= 3(-1)"-2(-1+2) + 2n-2(2 + 2) - n + 2 =a,,. 

Note that we had to factor out 211
-

2 and that 2n-2 · 4 = 2". 

d) We have 

an-l + 2an-2 + 2n - 9 = 7 · 2n-l - (n - 1) + 2 + 2(7 · 2"-2 - (n - 2) + 2) + 2n - 9 

= 2n-2(7 · 2 + 2 · 7) - n + 2 =an. 

17. In the iterative approach, we write a,, in terms of a,,_ 1 , then write an-l in terms of an-2 (using the recurrence 

relation with n - 1 plugged in for n), and so on. When we reach the end of this procedure, we use the given 

initial value of a0 . This will give us an explicit formula for the answer or it will give us a finite series, which 

we then sum to obtain an explicit formula for the answer. 

a) We write 

an = 3an-l 

= 3(3a11 -2) = 32an-2 

= 32(3an-3) = 33
an-3 

Note that we figured out the last line by following the pattern that had developed in the first few lines. 

Therefore the answer is an = 2 · 3" . 
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b) We write 
an= 2 +an-I 

= 2 + (2 + an-2) = (2 + 2) + an-2 = (2 · 2) + an-2 

= (2 · 2) + (2 + an-3) = (3 · 2) + an-3 

= (n · 2) + an-n = (n · 2) + ao = (n · 2) + 3 = 2n + 3. 
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Again we figured out the last line by following the pattern that had developed in the first few lines. Therefore 

the answer is an = 2n + 3. 

c) We write (note that it is more convenient to put the an-I at the end) 

an= n +an-I 

= n + ((n - 1) + an-2) = (n + (n - 1)) + an-2 

= (n + (n - 1)) + ((n - 2) + an-3) = (n + (n - 1) + (n - 2)) + an-3 

= (n + (n - 1) + (n - 2) + · · · + (n - (n -1))) + an-n 

= (n + (n - 1) + (n - 2) + · · · + 1) + ao 

n(n + 1) 
1
_n2 +n+2 

2 + - 2 

Therefore the answer is an= (n2 + n + 2)/2. The formula used to obtain the last line-for the sum of the 
first n positive given in Table 2. 

d) We write 
an = 3 + 2n +an-I 

= 3 + 2n + (3 + 2(n - 1) + an-2) = (2 · 3 + 2n + 2(n - 1)) + an-2 

= (2 · 3 + 2n + 2(n - 1)) + (3 + 2(n - 2) + an-3) 

= (3 · 3 + 2n + 2(n - 1) + 2(n - 2)) + an-3 

= (n · 3 + 2n + 2(n - 1) + 2(n - 2) + · · · + 2(n - (n - 1))) + an-n 

= (n · 3 + 2n + 2(n - 1) + 2(n - 2) + · · · + 2 · 1) + a0 

= 3n + 2 · n(n 
2
+ l) + 4 = n2 + 4n + 4. 

Therefore the answer is an = n2 + 4n + 4. Again we used the formula for the sum of the first n positive 
integers from Table 2. 

e) We write 
an= -1+2an-I 

= -1+2(-1+2an-2) = -3 + 4an-2 

= -3 + 4(-1+2an-3) = -7 + 8an-3 

= -7 + 8(-1+2an-4) = -15 + l6an-4 

= -15 + 16(-1+2an-5) = -31+32an-5 

= -(2n - 1) + 2nan-n = -2n + 1 + 2n · 1 = 1. 
This time it was somewhat harder to figure out the pattern developing in the coefficients, but it became clear 

after we carried out the computation far enough. The answer, namely that an = 1 for all n, it is clear in 
retrospect, after we found it, since 2 · 1 - 1 = 1. 
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f) We write 
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an= 1+3an-l 

= 1+3(1+3an-2) = (1 + 3) + 32an-2 

= (1 + 3) + 32(1 + 3an-3) = (1 + 3 + 32) + 33
an-3 

= (l+3+32 +···+3n-l)+3nan-n 

= 1 + 3 + 32 + · · · + 3n-l + 3n 

3n+l - 1 

3-1 
3n+l -1 

2 

(a geometric series) 

Thus the answer is an = (3n+l - 1) /2. 

g) We write 

h) We write 

an= nan-l = n(n - l)an-2 

= n(n - l)(n - 2)an-3 = n(n - l)(n - 2)(n - 3)an-4 

= n(n - l)(n - 2)(n - 3) · · · (n - (n - 1)) an-n 

= n(n - l)(n - 2)(n - 3) · · · 1 · ao 

= n! · 5 = 5n!. 

= 2n(2(n - l)an-2) = 22(n(n - l))an-2 

= 22(n(n -1)) (2(n - 2)an-3) = 23(n(n - l)(n - 2))an-3 

= 2nn(n - l)(n - 2)(n - 3) · · · (n - (n - l))an-n 

= 2nn(n - l)(n - 2)(n - 3) · · · 1 · ao 

19. a) Since the number of bacteria triples every hour, the recurrence relation should say that the number of 

bacteria after n hours is 3 times the number of bacteria after n - 1 hours. Letting bn denote the number of 

bacteria after n hours, this statement translates into the recurrence relation bn = 3bn-l. 

b) The given statement is the initial condition b0 = 100 (the number of bacteria at the beginning is the number 

of bacteria after no hours have elapsed). We solve the recurrence relation by iteration: bn = 3bn-l = 32bn_2 = 
· · · = 3nbn-n = 3nbo. Letting n = 10 and knowing that b0 = 100, we see that b10 = 310 · 100 = 5,904,900. 

21. a) Let Cn be the number of cars produced in the first n months. The initial condition could be taken to be 

c0 = 0 (no cars are made in the first 0 months). Since n cars are made in the nth month, and since Cn- l 

cars are made in the first n - 1 months, we see that Cn = Cn-l + n. 

b) The number of cars produced in the first year is c12 . To compute this we will solve the recurrence relation 

and initial condition, then plug in n = 12 (alternately, we could just compute the terms c1 , c2 , ... , c12 



Section 2.4 Sequences and Summations 

directly from the definition). We proceed by iteration exactly as we did in Exercise 17c: 

Cn = n + Cn-1 

= n + ((n -1) + Cn-2) = (n + (n - 1)) + Cn-2 

= (n + (n -1)) + ((n - 2) + Cn-3) = (n + (n -1) + (n - 2)) + Cn-3 

= (n + (n - 1) + (n - 2) + · · · + (n - (n - 1))) + c,,_n 

= (n + (n - 1) + (n - 2) + · · · + 1) +co 
n(n+l) n2 +n 

2 +O= -2-

Therefore the number of cars produced in the first year is (122 + 12) /2 = 78. 

c) We found the formula in our solution to part (b). 
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23. Each month our account accrues some interest that must be paid. Since the balance the previous month 
is B(k - 1), the amount of interest we owe is (0.07 /12)B(k - 1). After paying this interest, the rest of 
the $100 payment we make each month goes toward reducing the principal. Therefore we have B(k) = 

B(k- l) - (100- (0.07/12)B(k-1)). This can be simplified to B(k) = (1 + (0.07/12))B(k-1) -100. The 

initial condition is B(O) = 5000. If one calculates this as k goes from 0 to 60, we see the balance gradually 

decrease and finally become negative when k = 60 (i.e., after five years). 

25. In some sense there are no right answers here. The solutions stated are the most appealing patterns that the 

author has found. 

a) It looks as if we have one 1 and one 0, then two of each, then three of each, and so on, increasing the 

number of repetitions by one each time. Thus we need three more 1 's (and then four O's) to continue the 
sequence. 

b) A pattern here is that the positive integers are listed in increasing order, with each even number repeated. 

Thus the next three terms are 9, 10, 10. 

c) The terms in the odd locations (first, third, fifth, etc.) are just the successive terms in the geometric 

sequence that starts with 1 and has ratio 2, and the terms in the even locations are all 0. The nth term is 
0 if n is even and is 2<n-l)/2 if n is odd. Thus the next three terms are 32, 0, 64. 

d) The first term is 3 and each successive term is twice its predecessor. This is a geometric sequence. The 

nth term is 3 · 2n-l. Thus the next three terms are 384, 768, 1536. 

e) The first term is 15 and each successive term is 7 less than its predecessor. This is an arithmetic sequence. 

The nth term is 22 - 7n. Thus the next three terms are -34, -41, -48. 

f) The rule is that the first term is 3 and the nth term is obtained by adding n to the (n - l)th term. 
One can actually find a quadratic expression for a sequence in which the successive differences form an 

arithmetic sequence; here it is (n2 + n + 4)/2. The easiest way to see this is to note that the nth term is 

3 + 2 + 3 + 4 + 5 + 6 + · · · + n. Except for the initial 3 instead of a 1 , the nth term is the sum of the first n 

positive integers, which is n(n + 1)/2 by a formula in Table 2. Therefore the nth term is (n(n + 1)/2) + 2, 
as claimed. We see that the next three terms are 57, 68, 80. 

g) One should play around with the sequence if nothing is apparent at first. Here we note that all the terms 

are even, so if we divide by 2 we obtain the sequence 1, 8, 27, 64, 125, 216, 343, .... This sequence appears in 

Table 1; it is the cubes. So the nth term is 2n3. Thus the next three terms are 1024, 1458, 2000. 

h) These terms look close to the terms of the sequence whose nth term is n! (see Table 1). In fact, we see 

that the nth term here is n! + 1. Thus the next three terms are 362881, 3628801, 39916801. 
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27. It is pretty clear that an should be approximately equal to n + yin, since the sequence is just the sequence 
of positive integers with perfect squares left out. There are about yin perfect squares up to n, so the count 

needs to get ahead by about this amount. Proving that this plausibility argument gives the correct formula 

involves some careful counting. 

The sequence begins 2, 3, 5, 6, 7, 8, 10, 11, .... We can write it as the sequence an = n plus a sequence 
bn that jumps every time a perfect square is encountered. Thus {bn} begins 1, 1, 2, 2, 2, 2, 3, 3, 3, 3, 3, 3, 4, ... ; 

there are two l's, four 2's, six 3's, eight 4's, and so on. So we must show that bn = {yin}, where {yin} 

means the integer closest to fa (note that there is never an ambiguity here, since this will never be a half­

integer). Because of the way the sequence is formed, bn :::; k if and only if 2 + 4 + 6 + · · · + 2k 2". n. This 
is equivalent to + 1) 2:: n. Applying the quadratic formula and recalling that k is an integer, we obtain 

bn = I ( -1 + vl + 4n) /21 . Simplifying, we have bn = I - + Jn + I · Subtracting and then rounding up 

is the same as rounding to the nearest integer (the smaller one if F+"f is a half-integer-see Exercise 47 in 

Section 2.3), so (with this understanding) bn = { jn + But it can never happen that yin:::; m + while 

P > m + for some positive integer m-this would imply that n :::; m 2 + m + and n > m 2 + m, an 

impossibility. Therefore {yin}= and we are done. 

An alternative solution is provided in the answer section of the text. 

29. a) 2+3+4+5+6=20 b) 1-2+4-8+16=11 c) 3+3+···+3=10·3=30 

d) This series "telescopes": each term cancels part of the term before it (see also Exercise 35). The sum is 

(2 - 1) + (4 - 2) + (8 - 4) + ... + (512 - 256) = -1+512 = 511. 

31. We use the formula for the sum of a geometric progression: arJ = a(rn+I - l)/(r - 1). 
a) Here a= 3, r = 2, and n = 8, so the sum is 3(29 - 1)/(2 - 1) = 1533. 

b) Here a = 1, r = 2, and n = 8. The sum taken over all the values of j from 0 to n is, by the formula, 

(29 - 1)/(2 - 1) = 511. However, our sum starts at j = 1, so we must subtract out the term that isn't there, 

namely 2°. Hence the answer is 511 - 1 = 510. 

c) Again we have to subtract the missing terms, so the sum is ((-3) 9 - 1)/((-3) - 1) - (-3)0 - (-3)I = 
4921 - 1 - (-3) = 4923. 

d) 2((-3)9 
- 1)/((-3) - 1) = 9842 

33. The easiest way to do these sums, since the number of terms is reasonably small, is just to write out the 

summands explicitly. Note that the inside index (j) runs through all of its values for each value of the outside 

index ( i ). 

a) (1+1) + (1+2) + (1+3) + (2 + 1) + (2 + 2) + (2 + 3) = 21 

b) (0 + 3 + 6 + 9) + (2 + 5 + 8 + 11) + (4 + 7 + 10 + 13) = 78 

c) (1+1+1) + (2 + 2 + 2) + (3 + 3 + 3) = 18 

d) (0 + 0 + 0) + (1 + 2 + 3) + (2 + 4 + 6) = 18 

35. If we just write out what the sum means, we see that parts of successive terms cancel, leaving only two terms: 
n 

L(a1 - a1 -I) = aI - ao + a2 - aI + a3 - a2 +···+an-I - an-2 +an - an-I =an - ao 
J=I 

37. a) We use the hint, where ak = k2
: 

n n 

k=I k=I 
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b) We can use the distributive law to rewrite -1) (which we know from part (a) equals n 2 ) in 

terms of the sum we want, S = k: 

n n n 

Now we solve for S, obtaining S = (n2 + n)/2, which is usually expressed as n(n + 1)/2. 

39. This exercise is like Example 23. From Table 2 we know that k = 200 · 201/2 = 20100, and k = 
99 · 100/2 = 4950. Therefore the desired sum is 20100 - 4950 = 15150. 

41. If we write down the first few terms of this sum we notice a pattern. It starts (1 + 1+1) + (2 + 2 + 2 + 

2 + 2) + (3 + 3 + 3 + 3 + 3 + 3 + 3) + · · ·. There are three l's, then five 2'ss, then seven 3'ss, and so on; 

in general there are (i + 1)2 - i 2 = 2i + 1 copies of i. So we need to sum i(2i + 1) for an appropriate 

range of values for i. We must find this range. It gets a little messy at the end if m is such that the 

sequence stops before a complete range of the last value is present. Let n = L vmJ - 1. Then there are 

n + 1 blocks, and (n + 1)2 - 1 is where the next-to-last block ends. The sum of those complete blocks is 

i(2i + 1) = + i = n(n + 1)(2n + 1)/3 + n(n + 1)/2. The remaining terms in our summation 

all have the value n + 1 and the number of them present is m - ((n + 1)2 - 1). Our final answer is therefore 

n(n + 1)(2n + 1)/3 + n(n + 1)/2 + (n + l)(m - (n + 1)2 + 1). 

43. a) 0 (anything times 0 is 0) b) 5 . 6 . 7 . 8 = 1680 

c) Each factor is either 1 or -1, so the product is either 1 or -1. To see which it is, we need to determine 

how many of the factors are -1. Clearly there are 50 such factors, namely when i = 1, 3, 5, ... , 99. Since 

( -1 )50 = 1, the product is 1. 

d) 2 . 2 ... 2 = 210 = 1024 

45. O! + 1! + 2! + 3! + 4! = 1 + 1 + 1 · 2 + 1 · 2 · 3 + 1 · 2 · 3 · 4 = 1 + 1 + 2 + 6 + 24 = 34 

SECTION 2.5 Cardinality of Sets 

Don't feel bad if you find this section confusing. When Cantor started talking about sizes of infinity in the 

nineteenth century, many mathematicians thought he made no sense. The basic rule to keep in mind is that 

if an infinite set can be given in a list, then it is countable. It is not always easy to find the right list. Various 

indirect means are also available for showing that an infinite set is countable, such as showing that the set is 

a subset of a countable set, or showing that it is the union of a countable collection of countable sets. Proving 

sets uncountable usually requires some sort of diagonal argument, although in fact Cantor's first proof of the 

uncountability of the real numbers used a different approach (a nice summary can be found in an article in 
the American Mathematical Monthly, 117:7 (2010), 
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1. a) The negative integers are countably infinite. Each negative integer can be paired with its absolute value 

to give the desired one-to-one correspondence: 1 +--> -1, 2 +--> -2, 3 +--> -3, and so on. 

b) The even integers are countably infinite. We can list the set of even integers in the order 0, 2, -2, 4, -4, 
6, -6, .... and pair them with the positive integers listed in their natural order. Thus 1 +--> 0, 2 +--> 2, 3 +--> -2, 

4 +--> 4, and so on. There is no need to give a formula for this correspondence-the discussion given is quite 

sufficient; but it is not hard to see that we are pairing the positive integer n with the even integer f(n), where 

f(n) = n if n is even and f(n) = 1 - n if n is odd. 

c) This set is again countably infinite. We can list its elements in the order 99, 98, 97, .... A formula for a 
correspondence with the set of positive integers is given by f ( n) = 100 - n. For example, the positive integer 

117 is paired with -17. 

d) The proof that the set of real numbers between 0 and 1 is not countable (Example 5) can easily be modified 

to show that the set of real numbers between 0 and 1/2 is not countable. We need to let the digit d, be 

something like 2 if d,, "I 2 and 3 otherwise. The number thus constructed will be a real number between 0 

and 1/2 that is not in the list. 

e) This set is finite; it has cardinality 999,999.999. 

f) This set is countably infinite, exactly as in part (b); the only difference is that there we are looking at 

the multiples of 2 and here we are looking at the multiples of 7. The correspondence is given by pairing the 

positive integer n with 7n/2 if n is even and -7(n - 1)/2 if n is odd: 0, 7, -7, 14, -14, 21, -21, .... 

3. a) The bit strings not containing 0 are just the bit strings consisting of all l's, so this set is {.\ 1, 11, 111, 

1111, ... } , where ,\ denotes the empty string (the string of length 0). Thus this set is countably infinite, 

where the correspondence matches the positive integer n with the string of n - 1 l's. 

b) This is a subset of the set of rational numbers, so it is countable (see Exercise 16). To find a correspondence, 
we can just follow the path in Example 4, but omit fractions in the top three rows (as well as continuing to 

omit those fractions that are duplicates of rational numbers already encountered). 

c) This set is uncountable, as can be shown by applying the diagonal argument of Example 5. 

d) This set is uncountable, as can be shown by applying the diagonal argument of Example 5. 

5. Suppose m new guests arrive at the fully occupied hotel. If we move the guest in Room 1 to Room m + 1, 

the guest in Room 2 to Room m + 2, and so on, then rooms with numbers from 1 to m become vacant. The 

new guests can then occupy these rooms. 

7. We can use the guests in the even-numbered rooms to occupy the original rooms, and the guests in the odd­

numbered rooms to occupy the rooms in the second building. Specifically, for each positive integer n, put the 

guest currently in Room 2n into Room n, and the guest currently in Room 2n - 1 into Room n of the new 

building. 

9. There is more than one way to do this. Here is one method. First spread out the original guests so that the 

gaps between occupied rooms get larger and larger. Specifically, keep the first guest (i.e., the one currently in 

Room 1) in Room 1; leave Room 2 vacant; put the second guest (the one currently in Room 2) into Room 3; 

leave Rooms 4 and 5 vacant; put the third guest into Room 6; leave Rooms 7, 8, and 9 vacant, and so on. 

Have the guests from the first bus fill the first free room in each gap (Rooms 2, 4, 7, 11, and so on). After 

this is done, once again the gaps between occupied rooms get larger and larger. (The unoccupied rooms are 

now 5. 8, 9, 12. 13. 14, and so on.) So we can repeat the process with the second busload. We continue in 

this manner for the countable infinity of busloads. An alternative approach is given in the answer key. 

11. In each case, we can make the intersection what we want it to be, and then put additional elements into A 
and into B (with no overlap) to make them uncountable. 
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a) The simplest solution would be to make An B = 0. So, for example, take A to be the interval (1, 2) of 

real numbers, and take B to be the interval (3, 4). 

b) Take the example from part (a) and adjoin the positive integers. Thus, let A = (1, 2) U z+ and let 
B = (3, 4) U z+. 
c) Let A= (1,3) and B = (2,4). 

13. Suppose that A is countable. This means either that A is finite or that there exists a one-to-one correspondence 
f from A to z+. In the former case, there is a one-to-one function g from A to a subset of z+ (the range of 

g is the first n positive integers, where IAI = n ). In either case, we have met the requirements of Definition 2, 

so IAI ::::; jz+j. Conversely, suppose that IAI ::::; jz+j. By definition, this means that there is a one-to-one 

function g from A to z+, so A has the same cardinality as a subset of z+ (namely, the range of g ). Now 

by Exercise 16 we conclude that A is countable. 

15. This is just the contrapositive of Exercise 16 and so follows directly from it. In more detail, suppose that B 

were countable, say with elements b1 , b2 , .... Then since As:;; B, we can list the elements of A using the order 

in which they appear in this listing of B . Therefore A is countable, contradicting the hypothesis. Thus B is 

not countable. 

17. Yes. We need to look at this from the other direction, by noting that A= (An B) U (A - B). We are given 

that B is countable, so its subset An B is also countable (Exercise 16). If A - B were also countable, then, 

since the union of two countable sets is countable (Theorem 1), we would conclude that A is countable. But 

we are given that A is not countable. Therefore our assumption that A - B is countable is wrong, and we 

conclude that A - B is uncountable. (This is an example of a proof by contradiction.) 

19. By what we are given, we know that there are bijections f from A to B and g from C to D. Then we can 

define a bijection from Ax C to Bx D by sending (a,c) to (f(a),g(c)). This is clearly one-to-one and onto, 

so we have shown that A x C and B x D have the same cardinality. 

21. The definition of IAI ::::; IBI is that there is a one-to-one function f : A _, B. Similarly, we are given a 

one-to-one function g : B _, C. By Exercise 33 in Section 2.3, the composition go f : A_, C is one-to-one. 

Therefore by definition IAI ::::; ICI. 

23. This proof implicitly uses an assumption called the Axiom of Choice. Define a sequence a 1 , a2 , a3 , . . . of 

elements of A as follows. First, a 1 is any element of A. Once we have selected a1 , a2 , a3 , ... , ak, let ak+l 

be any element of A - { a1, a2, ... , ak}. Such an element must exist because A is infinite. The resulting set 

{ a 1, a2, a3 , ... } is the desired countably infinite subset of A. 

25. The set of finite strings of characters over a finite alphabet is countably infinite, because we can list these 
strings in alphabetical order by length. For example, if the alphabet is {a, b, c}, then our list is ,\, a, b, c, 

aa , ab, ac, ba, bb, be, ca, cb, cc, aaa, aab, . . . . (See also Exercise 29.) Therefore the infinite set S can be 

identified with an infinite subset of this countable set, which by Exercise 16 is also countably infinite. 

27. Since empty sets do not contribute any elements to unions, we can assume that none of the sets in our 

given countable collection of countable sets is the empty set. If there are no sets in the collection, then 
the union is empty and therefore countable. Otherwise let the countable sets be A1 , A2 , . . . . (If there 
are only a finite number k of them, then we can still assume that they form an infinite sequence by taking 

Ak+l = Ak+2 = · · · = A1 . ) Since each set A, is countable and nonempty, we can list its elements in a sequence 

as a,1 , ai2 , ... ; again, if the set is finite we can list its elements and then list a,1 repeatedly to assure an 
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infinite sequence. Now we just need a systematic way to put all the elements a21 into a sequence. We do 

this by listing first all the elements a21 in which i + j = 2 (there is only one such pair, (1, 1) ), then all the 

elements in which i + j = 3 (there are only two such pairs, (1, 2) and (2, 1) ), and so on; except that we do 

not list any element that we have already listed. So, assuming that these elements are distinct, our list starts 

a 11 , a12 , a 21 , a 13, a 22 , a 31 , a14, . . . . (If any of these terms duplicates a previous term, then it is simply 
omitted.) The result of this process will be either an infinite sequence or a finite sequence containing all the 
elements of the union of the sets A 2 • Thus that union is countable. 

29. There are only a finite number of bit strings of each finite length, so we can list all the bit strings by listing first 

those of length 0, then those of length 1, etc. The listing might be >., 0, 1, 00, 01, 10, 11, 000, 001, .... (Recall 

that >. denotes the empty string.) Actually this is a special case of Exercise 27: the set of all bit strings is the 

union of a countable number of countable (actually finite) sets, namely the sets of bit strings of length n for 

n = 0, 1, 2, .... 

31. A little experimentation with this function shows the pattern: 

f(l, 1) = 1 f(2, 1) = 3 f(3, 1) = 6 f(4, 1) = 10 
f(l, 2) = 2 f(2, 2) = 5 f(3, 2) = 9 f(4, 2) = 14 

j(l, 3) = 4 f(2, 3) = 8 f(3, 3) = 13 f(4, 3) = 19 

f(l, 4) = 7 f(2, 4) = 12 f(3, 4) = 18 f(4, 4) = 25 

f (l, 5) = 11 f (2, 5) = 17 f (3, 5) = 24 

f(l, 6) = 16 f (2, 6) = 23 

f (l, 7) = 22 

f(5, 1) = 15 
f(5, 2) = 20 

f(5, 3) = 26 

f(6, 1) = 21 

f(6, 2) = 27 

We see by looking at the diagonals of this table that the function takes on successive values as m+n increases. 

When m + n = 2, f(m, n) = 1. When m + n = 3, f(m, n) takes on the values 2 and 3. When m + n = 4, 

f ( m, n) takes on the values 4, 5, and 6. And so on. It is clear from the formula that the range of values the 
function takes on for a fixed value of m + n, say m + n = x, is + 1 through + (x - 1), 

since m can assume the values 1, 2, 3, ... , (x - 1) under these conditions, and the first term in the formula is 

a fixed positive integer when m + n is fixed. To show that this function is one-to-one and onto, we merely 

need to show that the range of values for x + 1 picks up precisely where the range of values for x left off, i.e., 

that f(x - 1, 1) + 1 = j(l, x). We compute: 

f(x - 1, 1) + 1 = (x - 2)2(x - 1) + (x - 1) + 1 = x2 -; + 2 = (x l)x + 1 = f(l, x) 

33. It suffices to find one-to-one functions f : (0, 1) --+ [O, 1] and g : [O, 1] --+ (0, 1). We can obviously use the 

function f(x) = x in the first case. For the second, we can just compress [O, 1] into, say, increasing 

linear function g(x) = (x + 1)/3 will do that. It then follows from the Schroder-Bernstein theorem that 

l(O, 1)1 = l[O, l]I. 

35. We can follow the hint or argue as follows, which really amounts to the same thing. (See the answer key for 

a proof using bit strings.) Suppose there were such a one-to-one correspondence f from z+ to the power 

set of z+ (the set of all subsets of z+ ). Thus, for each x E z+, f(x) is a subset of z+. We will derive a 

contradiction by showing that f is not onto; we do this by finding an element not in its range. To this end, 

let A = { x I x tJ_ f(x)}. We claim that A is not in the range of f. If it were, then A = f(x 0 ) for some 

x0 E z+ . Let us look at whether x0 E A or not. On the one hand, if x0 E A, then by the definition of A, 
it must be true that x 0 tJ_ f ( x 0 ), which means that x 0 tJ_ A; that is a contradiction. On the other hand, if 

if x0 tJ_ A, then by the definition of A, it must be true that x0 E f(x 0 ), which means that x0 EA, again a 

contradiction. Therefore no such one-to-one correspondence exists. 
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37. We argued in the solution to Exercise 29 that the set of all strings of symbols from the alphabet {O, 1} is 
countable, since there are only a finite number of bit strings of each length. There was nothing special about 

the alphabet {O, 1} in that argument. For any finite alphabet (for example, the alphabet consisting of all 

upper and lower case letters, numerals, and punctuation and other mathematical marks typically used in a 

programming language), there are only a finite number of strings of length 1 (namely the number of symbols 

in the alphabet), only a finite number of strings of length 2 (namely, the square of this number), and so 
on. Therefore, using the result of Exercise 27, we conclude that there are only countably many strings from 

any given finite alphabet. Now the set of all computer programs in a particular language is just a subset of 

the set of all strings over that alphabet (some strings are meaningless jumbles of symbols that are not valid 

programs), so by Exercise 16, this set, too, is countable. 

39. In Exercise 37 we saw that there are only a countable number of computer programs, so there are only a 

countable number of computable functions. In Exercise 38 we saw that there are an uncountable number 

of functions. Hence not all functions are computable. Indeed, in some sense, since uncountable sets are so 

much bigger than countable sets, almost all functions are not computable! This is not really so surprising; in 

real life we deal with only a small handful of useful functions, and these are computable. Note that this is 
a nonconstructive proof-we have not exhibited even one noncomputable function, merely argued that they 

have to exist. Actually finding one is much harder, but it can be done. For example, the following function 

is not computable. Let T be the function from the set of positive integers to {O, 1} defined by letting T(n) 
be 0 if the number 0 is in the range of the function computed by the nth computer program (where we list 

them in alphabetical order by length) and letting T(n) = 1 otherwise. 

SECTION 2.6 Matrices 

In addition to routine exercises with matrix calculations, there are several exercises here asking for proofs 
of various properties of matrix operations. In most cases the proofs follow immediately from the definitions 
of the matrix operations and properties of operations on the set from which the entries in the matrices are 

drawn. Also, the important notion of the (multiplicative) inverse of a matrix is examined in Exercises 

Keep in mind that some matrix operations are performed "entrywise," whereas others operate on whole rows 

or columns at a time. Exercise 29 foreshadows material in Section 9.4. 

1. a) Since A has 3 rows and 4 columns, its size is 3 x 4. 

b) The thfrd column of A is the 3 x 1 matdx [ i] · 
c) The second row of A is the 1 x 4 matrix [2 0 4 6] . 

d) This is the element in the third row, second column, namely 1. 

e) The transpose of A is the 4 x 3 matrix [ : ! ] · 
3 6 7 

3. a) We use the definition of matrix multiplication to obtain the four entries in the product AB. The (1, l)th 
entry is the sum anb11 + ai2b21 = 2 · 0 + 1·1 = 1. Similarly, the (1, 2)th entry is the sum anb12 + a12b22 = 

2·4+1·3 = 11; (2, l)th entry is the sum a 21 b11 +a22 b21 =3·0 + 2 · 1 = 2; and (2,2)th entry is the sum 

a 21 bi2 + a22 b22 = 3 · 4 + 2 · 3 = 18. Therefore the answer is [; . 
b) The calculation is similar. Again, to get the (i,j)th entry of the product, we need to add up all the 

products a,kbk1 . You can visualize "lifting" the ith row from the first factor (A) and placing it on top of the 
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lh column from the second factor ( B), multiplying the pairs of numbers that lie on top of each other, and 

taking the sum. Here we have 

rn Yi [; -2 
0 

-1] [1·3+(-1)·1 
2 = 0·3+1·1 

2·3+3·1 

1·(-2)+(-1)·0 
0. (-2) + 1. 0 
2. (-2) + 3. 0 

U Tl 
c) The calculation is similar to the previous parts: 

[ 
4 -3] 3 -1 [-1 
0 -2 0 
-1 5 

3 2 -2] 
-1 4 -3 

[4·(-l)+(-3)·0 
3·(-1)+(-1)·0 
0·(-1)+(-2)·0 
(-1)·(-1)+5·0 

4·3+(-3)·(-1) 
3·3+(-1)·(-1) 
0·3+(-2)·(-1) 
(-1)·3+5·(-1) 

[-4 15 -4 

l l -3 10 2 -3 
0 2 -8 
1 -8 18 

4. 2 + (-3). 4 
3·2+(-1)·4 
0. 2 + (-2). 4 
(-1)·2+5·4 

1·(-1)+(-1)·2] 
0·(-1)+1·2 
2·(-1)+3·2 

4. (-2) + (-3) . (-3) l 
3. (-2) + (-1). (-3) 
0. (-2) + (-2) . (-3) 
(-1). (-2) + 5. (-3) 

5. First we need to observe that A = [ai1 ] must be a 2 x 2 matrix; it must have two rows since the matrix it 

is being multiplied by on the left has two columns, and it must have two columns since the answer obtained 

has two columns. If we write out what the matrix multiplication means, then we obtain the following system 
of linear equations: 

2a11 + 3a21 = 3 

2a12 + 3a22 = 0 

la11 + 4a21 = 1 

la12 + 4a22 = 2 

Solving these equations by elimination of variables (or other means-it's really two systems of two equations 

each in two unknowns), we obtain a11 = 9/5, a12 = -6/5, a21 = -1/5, a22 = 4/5. As a check we compute 

that, indeed, 

[ 2 3] [ 9/5 -6/5] = [3 OJ 
1 4 -1/5 4/5 1 2 . 

7. Since the (i,j)th entry of 0 +A is the sum of the (i,j)th entry of 0 (namely 0) and the (i,j)th entry of A, 

this entry is the same as the (i,j)th entry of A. Therefore by the definition of matrix equality, 0 +A= A. 
A similar argument shows that A + 0 = A. 

9. We simply look at the (i,j)th entries of each side. The (i,j)th entry of the left-hand side is ai1 + (bi1 + ci1 ). 

The ( i, j)th entry of the right-hand side is ( aij + bi1 ) + c,1 . By the associativity law for real number addition, 

these are equal. The conclusion follows. 

11. In order for AB to be defined, the number of columns of A must equal the number of rows of B. In order for 

BA to be defined, the number of columns of B must equal the number of rows of A. Thus for some positive 

integers m and n, it must be the case that A is an m x n matrix and B is an n x m matrix. Another way 

to say this is to say that A must have the same size as Bt (and/or vice versa). 
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13. Let us begin with the left-hand side and find its ( i, j)th entry. First we need to find the entries of BC. By 
k 

definition, the ( q, j)th entry of BC is E bqrCr1 . (See Section 2.4 for the meaning of summation notation. 
r=l 

This symbolism is a shorthand way of writing bq1C1j + bq2c21 + · · · + bqkCkJ .) Therefore the (i,j)th entry of 
p k 

A(BC) is E a,q ( E bqrCrj). By distributing multiplication over addition (for real numbers), we can move 
q=l r=l 

p k 

the term a,q inside the inner summation, to obtain E E aiqbqrcr1 . (We are also implicitly using associativity 
q=l r=l 

of multiplication of real numbers here, to avoid putting parentheses in the product aiqbqrCrj . ) 

k p 

A similar analysis with the right-hand side shows that the (i, j)th entry there is equal to I: (I: a,qbqr )cr1 
r=l q=l 

k p 

E E a,qbqrCrj. Now by the commutativity of addition, the order of summation (whether we sum over 
r=l q=l 

r first and then q, or over q first and then r) does not matter, so these two expressions are equal, and the 
proof is complete. 

15. Let us begin by computing An for the first few values of n. 

A1 = 1] 2 [1 2] 3 [1 3] 1,A=o1'A=o1' A4 = [1 4] A5 = [1 5] 
0 1 ' 0 1 . 

It seems clear from this pattern, then, that An -- [01 nl] . (A proof of this fact could be given using 

mathematical induction, discussed in Section 5.1.) 

17. a) The (i,j)th entry of (A+ B)t is the (j, i)th entry of A+ B, namely a1, + b1,. On the other hand, the 
(i,j)th entry of At+ Bt is the sum of the (i,j)th entries of At and Bt, which are the (j, i)th entries of A 

and B, again aji + b1i. Hence (A+ B)t =At+ Bt. 
n 

b) The (i,j)th entry of (AB)t is the (j,i)th entry of AB, namely E a 1kbki. (SeeSection2.4forthemeaning 
k=l 

of summation notation. This symbolism is a shorthand way of writing baj 1bii + a12 b2, + · · · + a 1nbni .) On 
n 

the other hand, the (i,j)th entry of BtAt is E bk,aJk (since the (i,k)th entry of Bt is bki and the (k,j)th 
k=l 

entry of At is ajk). By the commutativity of multiplication of real numbers, these two values are the same, 

so the matrices are equal. 

19. All we have to do is form the products AA-1 and A-1 A, using the purported A-1, and see that both of 

them are the 2 x 2 identity matrix. It is easy to see that the upper left and lower right entries in each case 

are (ad - be)/ (ad - be) = 1, and the upper right and lower left entries are all 0. 

21. We must show that An (A - 1 r = I, where I is the n x n identity matrix. Since matrix multiplication is 

associative, we can write this product as 

An ((A-1r) = A(A ... (A(AA-1)A-1) ... A-1)A-l. 

By dropping each AA- 1 = I from the center as it is obtained, this product reduces to I. Similarly 
((A-1)n)An =I. Therefore by definition (An)-1 = (A-1r. (A more formal proof requires mathemat­

ical induction; see Section 5.1.) 

23. By definition, the (i,j)th entry of A+ At is ai1 + a 1,. Similarly, the (j, i)th entry of A+ At is a 1i + a,1 . 

By the commutativity of addition, these are equal, so A+ At is symmetric by the definition of symmetric 

matrices. 
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25. Using the idea in Exercise 24, we see that the given system can be expressed as AX = B, where A is the 

coefficient matrix, X is an n x 1 matrix with Xi the entry in its ith row, and B is the n x 1 matrix of 
right-hand sides. Specifically we have 

:::e :nd[ tr inf t]-.1 

can find x simply by computing A -1 B. 

-1 -1 3 

But Exercise 18 tells us 

We should plug in x 1 = 1, x 2 = -1, and x 3 = -2 to see that these do indeed form the solution. 

27. These routine exercises simply require application of the appropriate definitions. Parts (a) and (b) are entry­

wise operations, whereas the operation 8 in part (c) is similar to matrix multiplication (the (i,j)th entry of 
A 8 B depends on the ith row of A and the lh column of B ). 

a) AV B [ i l 
29. Note that Al2l means A 8 A, and Al3l means A 8 A 8 A. We just apply the definition. 

c) A v A l2l V A l3l = 

31. These are immediate from the commutativity of the corresponding logical operations on variables. 

a) AV B = [a,1 V bi1 ] = [bi1 V a,1 ] = B VA 

b) B /\A= [b,1 /\ a,1 ] = [ai1 /\ b,1 ] =A/\ B 

33. These are immediate from the distributivity of the corresponding logical operations on variables. 

a) AV (B /\ C) = [ai1 V (b,1 /\ ci1 )] = [(a,1 V bi1 ) /\ (a,1 V ci1 )] =(AV B) /\(AV C) 
b) A/\ (B V C) = [ai1 /\ (bi1 V ci1 )] = [(ai1 /\ bi1 ) V (ai1 /\ ci1 )] =(A/\ B) V (A/\ C) 

35. The proof is identical to the proof in Exercise 13, except that real number multiplication is replaced by /\, 
p k 

and real number addition is replaced by V. Briefly, in symbols, A 8 (B 8 C) = [ V aiq /\ ( V bqr /\ Crj)] = 
q=l r=l 

p k k p k p 

[V V aiqAbqrAcr1 ] = [V V aiq/\bqr/\cr1 ] = [V (V a,q/\bqr) /\cr1] = (A8B)8C. 
q=l r=l r=l q=l r=l q=l 
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GUIDE TO REVIEW QUESTIONS FOR CHAPTER 2 

1. Seep. 119. To prove that A is a subset of B we need to show that an arbitrarily chosen element x of A must 
also be an element of B . 

2. The empty set is the set with no elements. It satisfies the definition of being a subset of every set vacuously. 

3. a) See p. 121. b) See p. 128. 

4. a) See p. 121. b) always 

5. a) See pp. 127 and 128 and the preamble to Exercise 32 in Section 2.2. 

b) union: integers that are odd or positive; intersection: odd positive integers; difference: even positive 

integers; symmetric difference: even positive integers together with odd negative integers 

6. a) A= B =(A<:;;; B /\ B <:;;;A)= Vx(x EA+-+ x EB) b) See pp. 129-132. 

c) An B n C =An (Bu C) =(An B) u (An C) =(A- B) u (A - C); use Venn diagrams 

7. Underlying each set identity is a logical equivalence. See, for instance, Example 11 in Section 2.2. 

8. a) See p. 139. b) Z, Z, z+ = N - {O} 

9. a) See p. 141. b) See p. 143. c) f(n) = n d) f(n) = 2n e) f(n) = f n/21 
f) f(n) = 42548 

10. a) Seep. 145: 1-1 (b) =a= f(a) = b 

b) when it is one-to-one and onto 

c) yes-itself 

11. a) See p. 149. b) integers 

12. Hint: subtract 5 from each term and look at the resulting sequence. 

13. The formula depends on the initial condition, namely the value of a0 . After that, each term is 5 less than the 

preceding term, so an = ao - 5n. 

14. See p. 164. 

15. Set up a one-to-one correspondence between the set of positive integers and the set of all odd integers, such 

as 1 +-+ 1, 2 +-+ -1, 3 +-+ 3, 4 +-+ -3, 5 +-+ 5, 6 +-+ -5, and so on. 

16. See Example 5 in Section 2.5. 

17. See page 179. For AB to be defined, the number of columns of A must equal the number of rows of B. 

18. See Example 4 in Section 2.6. 
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SUPPLEMENTARY EXERCISES FOR CHAPTER 2 

1. a) A= the set of words that are not in A 

b) A n B = the set of words that are in both A and B 

c) A - B = the set of words that are in A but not B 

d) An B =(AU B) = the set of words that are in neither A nor B 

e) A EBB= the set of words that are in A or B but not both (can also be written as (A - B) U (B - A) or 
as (AUB)-(AnB)) 

3. Yes. We must show that every element of A is also an element of B. So suppose a is an arbitrary element 

of A. Then {a} is a subset of A, so it is an element of the power set of A. Since the power set of A is a 
subset of the power set of B, it follows that {a} is an element of the power set of B, which means that {a} 

is a subset of B. But this means that the element of {a}, namely a, is an element of B, as desired. 

5. We will show that each side is a subset of the other. First suppose x E A - (A - B). Then x E A and 

x tf- A - B. Now the only way for x not to be in A - B, given that it is in A, is for it to be in B. Thus we 
have that x is in both A and B , so x E A n B. For the other direction, let x E A n B . Then x E A and 
x E B. It follows that x tf- A - B, and so x is in A - (A - B). 

7. We need only provide a counterexample to show that (A - B) - C is not necessarily equal to A - (B - C). 
Let A = C = {l}, and let B = 0. Then (A - B) - C = ({1} - 0) - {l} = {l} - {l} = 0, whereas 

A- (B-C) = {1}- (0- {1}) = {1}-0 = {1}. 

9. This is not necessarily true. For a counterexample, let A = B = {1, 2}, let C = 0, and let D = {1}. Then 
(A- B) - (C - D) = 0 - 0 = 0, but (A - C) - (B - D) = {1, 2} - {2} = {1}. 

11. a) Since 0 An B AU B U, we have the order 101 ::; IA n Bl ::; IAI ::; IA U Bl ::; IUI. 

b) Note that A-B AEBB AUB. Also recall that IAUBI = IAI + IBl-IAnBI, so that IAUBI is always less 

than or equal to IAI + IBI. Putting this all together, we have 101 ::; IA- Bl ::; IA EB Bl ::; IA U Bl ::; IAI + IBI. 

13. a) Yes, f is one-to-one, since each element of the domain {1, 2, 3, 4} is sent by f to a different element of the 

codomain. No, g is not one-to-one, since g sends the two different elements a and d of the domain to the 

same element, 2. 

b) Yes, f is onto, since every element in the codomain {a, b, c, d} is the image under f of some element in 

the domain {1,2,3,4}. In other words, the range off is the entire codomain. No, g is not onto, since the 

element 4 in the codomain is not in the range of g (is not the image under g of any element of the domain 

{a, b, c, d} ). 
c) Certainly f has an inverse, since it is one-to-one and onto. Its inverse is the function from {a, b, c, d} to 

{1,2,3,4} that sends a to 3, sends b to 4, sends c to 2, and sends d to 1. (Each element in {a,b,c,d} gets 

sent by 1-1 to the element in {l,2,3,4} that gets sent to it by f .) Since g is not one-to-one and onto, it 

has no inverse. 

15. If f is one-to-one, then f provides a bijection between S and f (S), so they have the same cardinality by 

definition. If f is not one-to-one, then there exist elements x and y in S such that f(x) = f(y). Let 

S = {x,y}. Then ISi = 2 but lf(S)I = 1. Note that we do not need the hypothesis that A and B are 

finite. 



Supplementary Exercises 85 

17. The key is to look at sets with just one element. On these sets, the induced functions act just like the original 

functions. So let x be an arbitrary element of A. Then {x} E P(A), and S1({x}) = {l(y) I y E {x}} = 

{f(x)}. By the same reasoning, S9 ({x}) = {g(x)}. Since S1 = S9 , we can conclude that {f(x)} = {g(x)}, 

and so necessarily l(x) = g(x). 

19. This is certainly true if either x or y is an integer, since then this equation is equivalent to the identity ( 4a) 
in Table 1 of Section 2.3. Otherwise, write x and y in terms of their integer and fractional parts: x = n + E 

and y = m + 8, where n = L x J , 0 < E < 1, m = LY J , and 0 < 6 < l. If 8 + E < 1, then the equation is true, 

since both sides equal m + n; if 8 + E 2: 1, then the equation is false, since the left-hand side equals m + n, 

but the right-hand side equals m + n + 1. In summary, the equation is true if and only if either at least one 

of x and y is an integer or the sum of the fractional parts of x and y is less than 1. (Note that the second 
condition in the disjunction subsumes the first.) 

21. Write x and y in terms of their integer and fractional parts: x = n + f and y = m + fj, where n = l x J , 

0 ::; E < 1, m = lY J , and 0 ::; 8 < 1. If 8 = E = 0, then both sides equal n + m. If E = 0 but 8 > 0, then 

the left-hand side equals n + m + 1, but the right-hand side equals n + m. If E > 0, then the right-hand side 
equals n + m + 1, so the two sides will be equal if and only if E + fj::; 1 (otherwise the left-hand side would 
be n + m + 2 ). In summary, the equation is true if and only if either both x and y are integers, or x is not 

an integer but the sum of the fractional parts of x and y is less than or equal to 1 . 

23. If xis an integer, then clearly LxJ + Lm-xJ = x+m-x = m. Otherwise, write x in terms of its integer and 

fractional parts: x = n+E, where n = LxJ and 0 < E < l. In this case LxJ + Lm-xJ = Ln+cJ + Lm-n-Ej = 
n + m - n - 1 = m - 1 , because we had to round m - n - E down to the next smaller integer. 

25. Write n = 2k + 1 for some integer k. Then n 2 = 4k2 + 4k + 1, so n 2 /4 = k2 + k + i. Therefore I n 2 /41 

k2 + k + 1 . But we also have ( n 2 + 3) / 4 = ( 4k2 + 4k + 1 + 3) / 4 = ( 4k2 + 4k + 4) / 4 = k2 + k + 1 . 

27. Let us write x = n + ( r / m) + E, where n is an integer, r is an nonnegative integer less than m, and E is 

a real number with 0::; E < 1/m. In other words, we are peeling off the integer part of x (i.e., n = lxJ) 

and the whole multiples of 1/m beyond that. Then the left-hand side is lnm + r + mEj =nm+ r. On 

the right-hand side, the terms LxJ through Lx + (m - r - 1)/mJ are all just n, and the remaining terms, 

if any, from Lx + (m - r)/mJ through Lx + (m - 1)/mJ, are all n + l. Therefore the right-hand side is 

(m - r)n + r(n + 1) =nm+ r as well. 

29. This product telescopes. The numerator in the fraction for k cancels the denominator in the fraction for 

k + 1. So all that remains of the product is the numerator for k = 100 and the denominator for k = 1, namely 

101/1=101. 

31. There is no good way to determine a nice rule for this kind of problem. One just has to look at the sequence 

and see what seems to be happening. In this sequence, we notice that 10 = 2 · 5, 39 = 3 · 13, 172 = 4 · 43, 

and 885 = 5 · 177. We then also notice that 3 = 1 · 3 for the second and third terms. So each odd-indexed 
term (assuming that we call the first term a 1 ) comes from the term before it, by multiplying by successively 

larger integers. In symbols, this says that a2n+l = n·a2 n for all n > 0. Then we notice that the even-indexed 

terms are obtained in a similar way by adding: a2n = n + a2n- 1 for all n > 0. So the next four terms are 

a13 = 6 · 891 = 5346, a14 = 7 + 5346 = 5353, a 15 = 7 · 5353 = 37471. and a 14 = 8 + 37471=37479. 

33. If such a function 1 exists, then S equals the union of a countable number of countable sets, namely 1-1 ( 1) U 

1-1 (2) U · · ·. It follows from Exercise 27 in Section 2.5 that S is countable. 
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35. Because there is a one-to-one correspondence between R and the open interval (0, 1) (given by f(x) = 
2 arctan(x)/7r, it suffices to shows that l(O, 1) x (O. l)I = l(O, l)j. We use the Schroder-Bernstein theorem; it 

suffices to find injective functions f from (0,1) to (0,1) x (0,1) and g from (0,1) x (0,1) to (0,1). For f 
we can just use f(x) = (x, is clearly injective. For g we follow the hint. Suppose (x, y) E (0, 1) x (0, 1), 
and represent x and y with their decimal expansions, never choosing the expansion of any number that ends 
in an infinite string of 9s (we can avoid that by having all finite decimals end in an infinite string of Os). Let 

x = O.x1x2x3 ... and y = O.y1Y2Y3 ... be these expansions. Let g(x, y) be the decimal expansion obtained 

by interweaving these two strings, namely O.X1Y1X2Y2X3y3 .... Because we can recover x and y from g(x, y) 

(namely by taking every other digit starting with the first or second decimal digit, respectively), it follows 
that g is one-to-one, and our proof is complete. 

37. Let us begin by computing An for the first few values of n. 

A1 = [ 0 
-1 

l] A2= [-1 0] A3= [O 
0 ' 0 -1 ' 1 

-1] 4 [l OJ 0 .A=o1· 

Since A 4 = I, the pattern will repeat from here: A 5 = A 4 A = IA = A, A 6 = A 2 , A 7 = A 3, and so on. 

Thus for all n 2 0 we have 

-1 ] A 4n +4 = [ 1 0] 
0 , 0 1 . 

39. (The notation cl means the identity matrix I with each entry multiplied by the real number c; thus this 

matrix consists of e's along the main diagonal and O's elsewhere.) Let A = [: We will determine 

what these entries have to be by using the fact that AB = BA for a few judiciously chosen matrices B. First 

let B = [ . Then AB = [ : ] , and BA = [ . Since these two must be equal, we know that 

0 = w and u = x. Next choose B = [ . Then we get [ [ , whence v = 0. Therefore the 

matrix A must be in the form [ , which is just u times the identity matrix, as desired. 

41. a) The (i,j)th entry of A 8 0 is by definition the Boolean sum (V) of some Boolean products (A) of the 

form a,k A 0. Since the latter always equals 0, every entry is 0, so A 8 0 = 0. Similarly 0 8 A consists of 
entries that are all 0, so it, too, equals 0. 

b) Since V operates entrywise, the statements that A V 0 = A and 0 V A = A follow from the facts that 

a,J V 0 = a,1 and 0 V a,j = a,J . 

c) Since A operates entrywise, the statements that A A 0 = 0 and 0 A A = 0 follow from the facts that 

ai1 A 0 = 0 and 0 A a,1 = 0. 
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WRITING PROJECTS FOR CHAPTER 2 

Books and articles indicated by bracketed symbols below are listed near the end of this manual. You should 

also read the general comments and advice you will find there about researching and writing these essays. 

1. A classic source here is [Wil]. It gives a very readable account of many philosophical issues in the foundations 

of mathematics, including the topic for this essay. 

2. Our list of references mentions several history of mathematics books, such as [Bo4] and [Ev3]. You should 

also browse the shelves in your library, around QA 21. 

3. Go to the Encyclopedia's website, oeis. org. 

4. A Web search should turn up some useful references here, including an article in Science News Online. It gets 

its name from the fact that a graph describing it looks like the output of an electrocardiogram. 

5. A Web search for this phrase will turn up much information. 

6. A classic source here is [Wil]. It gives a very readable account of many mathematical and philosophical issues 

in the foundations of mathematics, including the topic for this essay. Of course a Web search will turn up lots 
of useful material, as well. Your essay should delve into the generalized continuum hypothesis for the higher 

orders of infinity: 2Nn = . 
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CHAPTER3 
Algorithms 

Chapter 3 Algorithms 

SECTION 3.1 Algorithms 

J\fany of the exercises here are actually miniature programming assignments. Since this is not a book on 

programming. we have glossed over some of the finer points. For example, there are (at least) two ways to 
pass variables to procedures-by value and by reference. In the former case the original values of the arguments 
are not changed. In the latter case they are. In most cases we will assume that arguments are passed by 

reference. None of these exercises are tricky; they just give the reader a chance to become familiar with 

algorithms written in pseudocode. The reader should refer to Appendix 3 for more details of the pseudocode 

being used here. 

1. Initially max is set equal to the first element of the list, namely 1. The for loop then begins, with i set equal 
to 2. Immediately i (namely 2) is compared to n, which equals 10 for this sequence (the entire input is 

known to the computer, including the value of n ). Since 2 < 10. the statement in the loop is executed. This 

is an if. .. then statement, so first the comparison in the if part is made: max (which equals 1) is compared 

to a, = a 2 = 8. Since the condition is true, namely 1 < 8, the then part of the statement is executed, so 
max is assigned the value 8. 

The only statement in the for loop has now been executed, so the loop variable i is incremented (from 2 

to 3 ), and we repeat the process. First we check again to verify that i is still less than n (namely 3 < 10 ), 

and then we execute the if. .. then statement in the body of the loop. This time, too, the condition is satisfied, 

since max = 8 is less than a3 = 12. Therefore the assignment statement max := a, is executed, and max 

receives the value 12. 

Next the loop variable is incremented again, so that now i = 4. After a comparison to determine that 

4 < 10, the if. .. then statement is executed. This time the condition fails, since max = 12 is not less than 
a4 = 9. Therefore the then part of the statement is not executed. Having finished with this pass through 

the loop, we increment i again, to 5. This pass through the loop, as well as the next pass through, behave 

exactly as the previous pass, since the condition max < a, continues to fail. On the sixth pass through the 

loop, however, with i = 7, we find again that max < a,, namely 12 < 14. Therefore max is assigned the 

value 14. 

After three more uneventful passes through the loop (with i = 8, 9, and 10), we finally increment i to 

11. At this point, when the comparison of i with n is made, we find that i is no longer less than or equal 

to n, so no further passes through the loop are made. Instead, control passes beyond the loop. In this case 

there are no statements beyond the loop, so execution halts. Note that when execution halts, max has the 

value 14 (which is the correct maximum of the list), and i has the value 11. (Actually in many programming 

languages, the value of i after the loop has terminated in this way is undefined.) 

3. We will call the procedure AddEmUp. Its input is a list of integers, just as was the case for Algorithm l. 

Indeed, we can just mimic the structure of Algorithm l. We assume that the list is not empty (an assumption 

made in Algorithm 1 as well). 
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procedure AddEmUp(a1 , a2 , ... , an: integers) 
sum:= a1 

for i := 2 to n 
sum:= sum+ a, 

return sum 
{ sum is the sum of all the elements in the list} 
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5. We need to go through the list and find cases when one element is equal to the following element. However, 

in order to avoid listing the values that occur more than once more than once, we need to skip over repeated 
duplicates after we have found one duplicate. The following algorithm will do it. (If we wanted to "return" 

the answer, we would form c1 , c2 , ... , ck into a list and return that list.) 

procedure duplicates(a1 , a2 , ... , an: integers in nondecreasing order) 
k := 0 {this counts the duplicates} 
j := 2 
while j Sn 

if a1 = a1 _ 1 then 
k := k+ 1 
Ck := a1 
while j S n and a1 = Ck 

j := j + 1 
j := j + 1 

{ c1, c2, ... , Ck is the desired list} 

7. We need to go through the list and record the index of the last even integer seen. 

procedure last even location(a1 , a2, ... , an: integers) 
k := 0 
for i := 1 ton 

if a, is even then k := i 
return k { k is the desired location (or 0 if there are no evens)} 

9. We just need to look at the list forward and backward simultaneously, going about half-way through it. 

procedure palindrome check(a1a2 ... an : string) 
answer:= true 
fori:=lto ln/2J 

if a,# an+I-i then answer:= false 
return answer { answer is true if and only if string is a palindrome} 

11. We cannot simply write x := y followed by y := x, because then the two variables will have the same value, 

and the original value of x will be lost. Thus there is no way to accomplish this task with just two assignment 

statements. Three are necessary, and sufficient, as the following code shows. The idea is that we need to save 

temporarily the original value of x. 

temp:= x 
x := y 
y :=temp 

13. We will not give these answers in quite the detail we used in Exercise 1. 

a) Note that n = 8 and x = 9. Initially i is set equal to 1 . The while loop is executed as long as i S 8 

and the ith element of the list is not equal to 9. Thus on the first pass we check that 1 S 8 and that 9 # 1 

(since a 1 = 1 ), and therefore perform the statement i := i + 1. At this point i = 2. We check that 2 S 8 and 

9 # 3, and therefore again increment i, this time to 3. This process continues until i = 7. At that point the 

condition "i S 8 and 9 # a," is false, since a1 = 9. Therefore the body of the loop is not executed (so i is 

still equal to 7), and control passes beyond the loop. 
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The next statement is the if ... then statement. The condition is satisfied, since 7 ::::; 8, so the statement 
location := i is executed, and location receives the value 7. The else clause is not executed. This completes 

the procedure, so location has the correct value, namely 7, which indicates the location of the element x 

(namely 9) in the list: 9 is the seventh element. 

b) Initially i is set equal to 1 and j is set equal to 8. Since i < j at this point, the steps of the while 

loop are executed. First m is set equal to l(l + 8)/2J = 4. Then since x (which equals 9) is greater than 
a4 (which equals 5), the statement i := m + 1 is executed, so i now has the value 5. At this point the first 
iteration through the loop is finished, and the search has been narrowed to the sequence a5 , ... , a8 . 

In the next pass through the loop (there is another pass since i < j is still true), m becomes l(5 + 8)/2J = 

6. Since again x > am , we reset i to be m + 1 , which is 7. The loop is now repeated with i = 7 and j = 8. 

This time m becomes 7, so the test x > am (i.e., 9 > 9) fails; thus j := m is executed, so now j = 7. 

At this point i f:. j, so there are no more iterations of the loop. Instead control passes to the statement 

beyond the loop. Since the condition x = a, is true, location is set to 7, as it should be, and the algorithm 

is finished. 

15. We need to find where x goes, then slide the rest of the list down to make room for x, then put x into the 
space created. In the procedure that follows, we employ the trick of temporarily tacking x + 1 onto the end of 

the list, so that the while loop will always terminate. Also note that the indexing in the for loop is slightly 

tricky since we need to work from the end of the list toward the front. 

procedure insert(x, ai, a2, ... , an : integers) 
{the list is in order: a 1 ::::; a2 ::::; · · · ::::; an } 
an+l := X + 1 
i := 1 
while x >a, 

i := i + 1 {the loop ends when i is the index for x} 
for j := 0 to n - i {shove the rest of the list to the right} 

an-1+1 := an-J 
a,:= x 
{ x has been inserted into the correct spot in the list, now of length n + 1} 

17. This algorithm is similar to max, except that we need to keep track of the location of the maximum value, as 

well as the maximum value itself. Note that we need a strict inequality in the test max <a,, since we do not 

want to change location if we find another occurrence of the maximum value. As usual we assume that the 

list is not empty. 

procedure first largest(a1, a2 , ... , an : integers) 
max:= ai 
location : = 1 
for i := 2 to n 

if max < a, then 
max:= a, 
location := i 

return location 
{ location is the location of the first occurrence of the largest element in the list} 

19. We need to handle the six possible orderings in which the three integers might occur. (Actually there are 

more than six possibilities, because some of the numbers might be equal to each other-we get around this 

problem by using ::::; rather than < for our comparisons.) We will use the if ... then ... else if ... then ... else 

if. . . construction. A condition such as a ::::; b ::::; c is really the conjunction of two conditions: a ::::; b and 

b::::; c. (Alternately, we could have handled the cases in a nested fashion.) Note that the mean is computed 

first, independent of the ordering. 
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procedure statistics(a, b, c: integers) 
mean :=(a+ b + c)/3 
if a :S b ::;; c then 

min:= a 
median:= b 
max:= c 

else if a S c S b then 
min:= a 
median:= c 
max:= b 

else if b S a S c then 
min:= b 
median:= a 
max:= c 

else if b ::;; c S a then 
min:= b 
median:= c 
max:= a 

else if c S a S b then 
min:= c 
median:= a 
max:= b 

else if c S b S a then 
min:= c 
median:= b 
max:= a 

{the correct values of mean, median, max, and min have been assigned} 
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21. We must assume that the sequence has at least three terms. This is a special case of a sorting algorithm. 

Our approach is to interchange numbers in the list when they are out of order. It is not hard to see that this 

needs to be done only three times in order to guarantee that the elements are finally in correct order: test 

and interchange (if necessary) the first two elements, then test and interchange (if necessary) the second and 

third elements (insuring that the largest of the three is now third), then test and interchange (if necessary) 

the first and second elements again (insuring that the smallest is now first). 

procedure first three(a1, a2, ... 'an : integers) 
if a1 > a2 then interchange a1 and a2 
if a2 > a3 then interchange a2 and a3 

if a 1 > a2 then interchange a 1 and a2 
{the first three elements are now in nondecreasing order} 

23. For notation, assume that f : A ___, B, where A is the set consisting of the distinct integers a 1 , a 2 , ... , an, 

and B is the set consisting of the distinct integers b1 , b2 , ... , bm . All n + m + 1 of these entities (the elements 

of A, the elements of B, and the function f) are the input to the algorithm. We set up an array called hit 

(indexed by the integers) to keep track of which elements of B are the images of elements of A; thus hit(b,) 

equals 0 until we find an aJ such that f ( a1 ) = b,, at which time we set hit(b,) equal to 1. Simultaneously 

we keep track of how many hits we have made (i.e., how many times we changed some hit(b,) from 0 to 1 ). 

If at the end we have made m hits, then f is onto; otherwise it is not. Note that we record the output as a 

logical value assigned to the variable that has the name of the procedure. This is a common practice in some 

programming languages. 
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procedure onto(!: function, a1, a2, ... , an, b1, b2, ... , bm : integers) 
for i := 1 tom 

hzt(b,) := 0 {no one has been hit yet} 
count := 0 {there have been no hits yet} 
for j := 1 ton 

if hit(f(a1 )) = 0 then {a new hit!} 
hit(f(a1 )) := 1 
count := count + 1 

if count = m then return true else return false 
{ f is onto if and only if there have been m hits} 

25. This algorithm is straightforward. 

procedure count ones(a1a2 ... an : bit string) 
count:= 0 {no l's yet} 
for i := 1 to n 

if a, = 1 then count := count + 1 
return count { count contains the number of l's} 

Chapter 3 Algorithms 

27. We start with the pseudocode for binary search given in the text and modify it. In particular, we need to 
compute two middle subscripts (one third of the way through the list and two thirds of the way through) and 

compare x with two elements in the list. Furthermore, we need special handling of the case when there are 

two elements left to be considered. The following pseudocode is reasonably straightforward. 

procedure ternary search(x: integer, a 1 , a 2 , ... , an : increasing integers) 
i := 1 
j := n 
while i < j - 1 

l := l(i + j)/3J 
u := l2(i + j)/3J 
if x > au then i := u + 1 
else if x > az then 

i := l + 1 
j := u 

else j := l 
if x =a, then location:= i 
else if x = a1 then location := j 
else location := 0 
return location 
{ location is the subscript of the term equal to x ( 0 if not found)} 

29. The following algorithm will find the first mode in the sequence. At each point in the execution of this 

algorithm, modecount is the number of occurrences of the element found to occur most often so far (which is 

called mode). Whenever a more frequently occurring element is found (the main inner loop), modecount and 

mode are updated. 
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procedure find a mode(a1 , a2 , •.. , an: nondecreasing integers) 
modecount := 0 
i := 1 
while i::; n 

value:= a, 
count:= 1 
while i ::; n and a, = value 

count := count+ 1 
i := i + 1 

if count > modecount then 
modecount := count 
mode := value 

return mode 
{ mode is the first value occurring most often, namely modecount times} 
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31. The following algorithm goes through the terms of the sequence one by one, and, for each term, compares it 

to all previous terms. If it finds a match, then it stores the subscript of that term in location and terminates 
the search. If no match is ever found, then location is set to 0. 

procedure find duplicate(a 1 , a2 , ... , an : integers) 
location := 0 {no match found yet} 
i := 2 
while i ::; n and location = 0 

j := 1 
while j < i and location= 0 

if a, = a1 then location := i 
else j := j + 1 

i := i + 1 
return location 
{ location is the subscript of the first value that repeats a previous value in the sequence 

and is 0 if there is no such value} 

33. The following algorithm goes through the terms of the sequence one by one, and, for each term, checks whether 

it is less than the immediately preceding term. If it finds such a term, then it stores the subscript of that term 

in location and terminates the search. If no term satisfies this condition, then location is set to 0. 

procedure find decrease(a1 , a2 , ... , an : positive integers) 
location := 0 {no match found yet} 
i := 2 
while i ::; n and location = 0 

if a, < a,_ 1 then location := i 
else i := i + 1 

return location 
{ location is the subscript of the first value that is less than the immediately preceding one 

and is 0 if there is no such value} 

35. There are four passes through the list. On the first pass, the 3 and the 1 are interchanged first, then the 

next two comparisons produce no interchanges, and finally the last comparison results in the interchange of 

the 7 and the 4. Thus after one pass the list reads 1, 3, 5, 4, 7. During the next pass, the 5 and the 4 are 

interchanged, yielding 1, 3, 4, 5, 7. There are two more passes, but no further interchanges are made, since the 

list is now in order. 

37. We need to add a Boolean variable to indicate whether any interchanges were made during a pass. Initially 

this variable, which we will call stilLinterchanging, is set to true. If no interchanges were made, then we can 
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quit. To do this neatly, we turn the outermost loop into a while loop that is executed as long as i < n and 

stilLinterchanging is true. Thus our pseudocode is as follows. 

procedure betterbubblesort( ai, . .. , an) 
i := 1 
stilLinterchanging :=true 
while i < n and stilLinterchanging 

stilLinterchanging := false 
for j : = 1 to n - i 

if a1 > a1+1 then 
stilLinterchanging := true 
interchange a1 and a1+1 

i := i + 1 
{ a 1 •... , an is in nondecreasing order} 

39. We start with 3, 1, 5, 7, 4. The first step inserts 1 correctly into the sorted list 3, producing 1, 3, 5, 7, 4. Next 

5 is inserted into 1, 3, and the list still reads 1, 3, 5, 7, 4, as it does after the 7 is inserted into 1, 3, 5. Finally, 

the 4 is inserted, and we obtain the sorted list 1, 3, 4, 5, 7. At each insertion, the element to be inserted is 

compared with the elements already sorted, starting from the beginning, until its correct spot is found, and 

then the previously sorted elements beyond that spot are each moved one position toward the back of the list. 

41. We assume that when the least element is found at each stage, it is interchanged with the element in the 

position it wants to occupy. 

a) The smallest element is 1, so it is interchanged with the 3 at the beginning of the list, yielding 1, 5, 4, 3, 2. 

Next, the smallest element among the remaining elements in the list (the second through fifth positions) is 2, 

so it is interchanged with the 5 in position 2, yielding 1, 2, 4, 3, 5. One more pass gives us 1, 2, 3, 4, 5. At this 
point we find the fourth smallest element among the fourth and fifth positions, namely 4, and interchange it 

with itself, again yielding 1, 2, 3, 4, 5. This completes the sort. 

b) The process is similar to part (a). We just show the status at the end of each of the four passes: 1, 4, 3, 

2,5; 1,2,3,4.5; 1.2,3,4,5; 1,2,3,4,5. 

c) Again there are four passes. but all interchanges result in the list remaining as it is. 

43. We carry out the linear search algorithm given as Algorithm 2 in this section, except that we replace x =I- a, 

by x < a,. and we replace the else clause with else location := n + 1. The cursor skips past all elements in 

the list less than x, the new element we are trying to insert, and ends up in the correct position for the new 
element. 

45. We are counting just the comparisons of the numbers in the list, not any comparisons needed for the book­

keeping in the for loop. The second element in the list must be compared with the first and compared with 

itself (in other words, when j = 2 in Algorithm 5, i takes the values 1 and 2 before we drop out of the 

while loop). The third element must be compared with the first two and itself, since it exceeds them both. 

We continue in this way, until finally the nth element must be compared with all the elements. So the total 

number of comparisons is 2 + 3 + 4 + · · · + n, which can be written as (n2 + n - 2)/2. This is the worst case 

for insertion sort in terms of number of comparisons; see Example 6 in Section 3.3. On the other hand, no 

movements of elements are required, since each new element is already in its correct position. 

47. There are two kinds of steps-the searching and the inserting. We assume the answer to Exercise 44, which 

is to use Algorithm 3 but replace the final check with if x < a, then location := i else location := i + 1. 

So the first step is to find the location for 2 in the list 3, and we insert it in front of the 3, so the list now 

reads 2. 3, 4, 5. 1, 6. This took one comparison. Next we use binary search to find the location for the 4, and 
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we see, after comparing it to the 2 and then the 3, that it comes after the 3, so we insert it there, leaving 

still 2, 3, 4, 5, 1, 6. Next we use binary search to find the location for the 5, and we see, after comparing it 

to the 3 and then the 4, that it comes after the 4, so we insert it there, leaving still 2, 3, 4, 5, 1, 6. Next we 

use binary search to find the location for the 1, and we see, after comparing it to the 3 and then the 2 and 

then the 2 again, that it comes before the 2, so we insert it there, leaving 1, 2, 3, 4, 5, 6. Finally we use binary 

search to find the location for the 6, and we see, after comparing it to the 3 and then the 4 and then the 5, 
that it comes after the 5, so we insert it there, giving the final answer 1, 2, 3, 4, 5, 6. Note that this took 11 
comparisons in all. 

49. We combine the search technique of Algorithm 3, as modified in Exercises 44 and 47, with the insertion part 

of Algorithm 5. 

procedure binary insertion sort(a1, a2, ... , an : real numbers with n 2: 2) 
for j := 2 ton 

{binary search for insertion location i } 
left:= 1 
right:= j - 1 
while left < right 

middle:= L(left + right)/2J 
if a 1 > amiddle then left := middle + 1 
else right := middle 

if aj < azeft then i := left else i := left + 1 
{insert a1 in location i by moving ai through a1 _ 1 toward back of list} 
m :=a1 
for k := 0 to j - i - 1 

aj-k := a 1-k-1 

ai :=m 
{ ai, a2, ... , an are sorted} 

51. If the elements are in close to the correct order, then we would usually find the correct spot for the next item 

to be inserted near the upper end of the list of already-sorted elements. Hence the variation from Exercise 50, 

which starts comparing at that end, would be best. 

53. In each case we use as many quarters as we can, then as many dimes to achieve the remaining amount, then 

as many nickels, then as many pennies. 

a) The algorithm uses the maximum number of quarters, two, leaving 1 cent. It then uses the maximum 

number of dimes (none) and nickels (none), before using one penny. 

b) two quarters, leaving 19 cents, then one dime, leaving 9 cents, then one nickel, leaving 4 cents, then four 

pennies 

c) three quarters, leaving 1 cent, then one penny 

d) two quarters, leaving 10 cents, then one dime 

55. In each case we uses as many quarters as we can, then as many dimes to achieve the remaining amount, then 

as many pennies. 

a) The algorithm uses the maximum number of quarters, two, leaving 1 cent. It then uses the maximum 

number of dimes (none), before using one penny. Since the answer to Exercise 53a used no nickels anyway, 

the greedy algorithm here certainly used the fewest coins possible. 

b) The algorithm uses two quarters, leaving 19 cents, then one dime, leaving 9 cents, then nine pennies. The 

greedy algorithm thus uses 12 coins. Since there are no nickels available, we must either use nine pennies or 

else use only one quarter and four pennies, along with four dimes to reach the needed total of 69 cents. This 

uses only nine coins, so the greedy algorithm here did not achieve the optimum. 
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c) The algorithm uses three quarters, leaving 1 cent, then one penny. Since the answer to Exercise 53c used 

no nickels anyway, the greedy algorithm here certainly used the fewest coins possible. 

d) The algorithm uses two quarters, leaving 10 cents, then one dime. Since the answer to Exercise 53c used 

no nickels anyway, the greedy algorithm here certainly used the fewest coins possible. 

57. We first sort the talks by finishing times and get the following list: 9:00-9:45, 9:30-10:00, 9:50-10:15, 10:10-
10:25, 10:00-10:30, 10:15-10:45, 10:30-10:55, 10:30-11:00, 11:00-11:15, 10:55-11:25, 10:45-11:30. We then go 

through the list in order and schedule every talk that is compatible with the talks already scheduled. So first 

we schedule the 9:00-9:45 talk, then the first one on our list that starts after that talk is finished, namely the 

9:50-10:15 talk. Next comes the 10:15-10:45 talk, and then the 11:00-11:15 talk. There are no more talks 

that start after this one ends, so we are done, having scheduled four talks. 

59. a) We propose the following greedy algorithm. Order the talks by starting time. Number the lecture halls 1, 

2, 3, and so on. For each talk, assign it to lowest numbered lecture hall that is currently available. So, for 

example, using the talks from Exercise 57, we would assign the 9:00-9:45 talk to lecture hall 1, the 9:30-10:00 
talk to lecture hall 2, the 9:50-10:15 talk to lecture hall 1, the 10:00-10:30 talk to lecture hall 2, the 10:10-
10:25 talk to lecture hall 3, the 10: 15-10:45 talk to lecture hall 1, the 10:30-10:55 talk to lecture hall 2, the 

10:30-11:00 talk to lecture hall 3, the 10:45-11:30 talk to lecture hall 1, the 10:55-11:25 talk to lecture hall 2, 

and the 11:00-11:15 talk to lecture hall 3. Therefore three halls were sufficient. 

b) This algorithm is optimal, because if it uses n lecture halls, then at the point the nth hall was first assigned, 
it had to be used (otherwise a lower-numbered hall would have been assigned), which means that n talks were 
going on simultaneously (this talk just assigned and the n - 1 talks currently in halls 1 through n - 1 ). 

61. In the algorithm presented here, the input consists, for each man, of a list of all women in his preference order, 

and for each woman, of a list of all men in her preference order. At the risk of being sexist, we will let the men 
be the suitors and the women the suitees (although obviously we could reverse these roles). The procedure 

needs to have data structures (lists) to keep track, for each man, of his status (rejected or not) and the list of 

women who have rejected him, and, for each woman, of the men currently on her proposal list. 

procedure stable(A11, M2, ... , lvf8 , W1, W2, ... , W 8 ,: preference lists) 
for i := 1 to s 

mark man i as rejected 
for i := 1 to s 

set man i's rejection list to be empty 
for j := 1 to s 

set woman j's proposal list to be empty 
while rejected men remain 

for i := 1 to s 
if man i is marked rejected then add i to the proposal list 
for the woman j who ranks highest on his preference list 
but does not appear on his rejection list, and mark i as not rejected 

for j := 1 to s 

for j := 1 to s 

if woman j's proposal list is nonempty then remove from 
j's proposal list all men i except the man io who ranks highest 
on her preference list, and for each such man i mark him 
as rejected and add j to his rejection list 

match j with the one man on j's proposal list 
{This matching is stable.} 

63. Suppose the assignment is not stable. Then there is a man m and a woman w such that m prefers w to the 

woman (call her w') with whom he is matched, and w prefers m to the man with whom she is matched. But 
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m must have proposed to w before he proposed to w' , since he prefers the former. And since m did not end 

up matched with w, she must have rejected him. Since women reject a suitor only when they get a better 

proposal, and they eventually get matched with a pending suitor, the woman with whom w is matched must 
be better in her eyes than m, contradicting our original assumption. Therefore the matching is stable. 

65. The algorithm is simply to run the two programs on their inputs concurrently and wait for one to halt. This 

algorithm will terminate by the conditions of the problem, and we'll have the desired answer. 

SECTION 3.2 The Growth of Functions 

The big-0 notation is used extensively in computer science and other areas. Think of it as a crude ruler for 

measuring functions in terms of how fast they grow. The idea is to treat all functions that are more or less 
the same as one function-one mark on this ruler. Thus, for example, all linear functions are simply thought 
of as O(n). Although technically the big-0 notation gives an upper bound on the growth of a function, in 

practice we choose the smallest big-0 estimate that applies. (This is made more rigorous with the big-8 

notation, also discussed in this section.) In essence, one finds best big-0 estimates by discarding lower order 

terms and multiplicative constants. Furthermore, one usually chooses the simplest possible representative of 

the big-0 (or big-8) class (for example, writing 0( n2 ) rather than 0(3n2 + 5) ). A related concept, used in 
combinatorics and applied mathematics, is the little-o notation, dealt with in Exercises 61-69. 

1. Note that the choices of witnesses C and k are not unique. 

a) Yes, since 1101::::; lxl for all x > 10. The witnesses are C = 1 and k = 10. 
b) Yes, since l3x + 71 ::::; l4xl = 4lxl for all x > 7. The witnesses are C = 4 and k = 7. 

c) No. There is no constant C such that lx2 + x + 1 I :::; Clxl for all sufficiently large x. To see this, suppose 

this inequality held for all sufficiently large positive values of x. Then we would have x 2 :::; Cx, which would 

imply that x ::::; C for all sufficiently large x, an obvious impossibility. 

d) Yes. This follows from the fact that log x < x for all x > 1 (which in turn follows from the fact that 

x < 2x, which can be formally proved by mathematical induction-see Section 5.1). Therefore l5logxl::::; 5lxl 

for all x > 1. The witnesses are C = 5 and k = 1. 

e) Yes. This follows from the fact that l x J ::::; x. Thus I l x JI ::::; lxl for all x > 0. The witnesses are C = 1 

and k = 0. 

f) Yes. This follows from the fact that lx/21::::; (x/2) + 1. Thus llx/211:::; l(x/2) + ll:::; lxl for all x > 2. 
The witnesses are C = 1 and k = 2. 

3. We need to put some bounds on the lower order terms. If x > 9 then we have x 4 + 9x3 + 4x + 7 < 
x 4 + x 4 + x 4 + x 4 = 4x4

• Therefore x 4 + 9x3 + 4x + 7 is O(x4
), taking witnesses C = 4 and k = 9. 

5. We use long division to rewrite this function: 

x 2 +1 
x+l 

x
2 

- 1 + 2 = x
2 

- 1 + _2_ = x _ 1 + _2_ 
x+l x+l x+l x+l 

Now this is certainly less than x as long as x > 1, so our function is O(x). The witnesses are C = 1 and 

k = 1. 
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7. a) Since log x grows more slowly than x, x 2 log x grows more slowly than x 3 , so the first term dominates. 

Therefore this function is O(x3 ) but not O(xn) for any n < 3. More precisely, 2x3 +x2 log x :::; 2x3 +x3 = 3x3 

for all x, so we have witnesses C = 3 and k = 0. 

b) We know that log x grows so much more slowly than x that every power of log x grows more slowly 

than x (see Exercise 58). Thus the first term dominates, and the best estimate is O(x3). More precisely, 

(log x )4 < x 3 for all x > 1, so 3x3 + (log x )4 :::; 3x3 + x 3 = 4x3 for all x, so we have witnesses C = 4 and 
k = 1. 

c) By long division, we see that f(x) = x +lower order terms. Therefore this function is O(x), so n = 1. In 

fact, f(x) = x + :::; 2x for all x > 1, so the witnesses can be taken to be C = 2 and k = 1. 

d) Again by long division, this quotient has the form f(x) = 1 +lower order terms. Therefore this function 

is 0(1). In other words, n = 0. Since 5 log x < x4 for x > 1, we have f (x) :::; 2x4 
/ x 4 = 2, so we can take as 

witnesses C = 2 and k = 1. 

9. On the one hand we have x 2 + 4x + 17:::; x 2 + x 2 + x2 = 3x2 :::; 3x3 for all x > 17, so x2 + 4x + 17 is O(x3 ), 

with witnesses C = 3 and k = 17. On the other hand, if x 3 were O(x2 + 4x + 17), then we would have 

x 3 :::; C(x2 + 4x + 17) :::; 3Cx2 for all sufficiently large x. But this says that x :::; 3C, clearly impossible for 

the constant C to satisfy for all large x. Therefore x 3 is not O(x2 + 4x + 17). 

11. For the first part we have 3x4 + 1 :::; 4x4 = 8lx4 /21 for all x > 1; we have witnesses C = 8, k = 1. For the 

second part we have x4 /2:::; 3x4 :::; 1 · J3x4 + lJ for all x; witnesses are C = 1, k = 0. 

13. To show that 2n is 0(3n) it is enough to note that 2n :::; 3n for all n > 0. In terms of witnesses we have 

C = 1 and k = 0. On the other hand, if 3n were 0(2n), then we would have 3n :::; C · 2n for all sufficiently 

large n. This is equivalent to C ::::: ( n, which is clearly impossible, since ( n grows without bound as n 

increases. 

15. A function f is 0(1) if lf(x)J :::; C for all sufficiently large x. In other words, f is 0(1) if its absolute value 

is bounded for all x > k (where k is some constant). 

17. Let C1, C2, ki, and k2 be numbers such that lf(x)I :::; C1lg(x)I for all x > ki and lg(x)I :::; C2lh(x)I 

for all x > k 2 . Let C = C1 C2 and let k be the larger of k1 and k2. Then for all x > k we have 

lf(x)J:::; C1lg(x)I:::; C1C2lh(x)I = Clh(x)I, which is precisely what we needed to show. 

19. Because 2n+i = 2 · 2n, clearly it is 0(2n) (take C = 2). To see that 22n is not 0(2n), look at the ratio: 

22n /2n = 2n. Because this is unbounded, there is no constant C such that 22n :::; C · 2n for all sufficiently 

large n. 

21. The order is lOOOlogn, yin, nlogn, n2/1000000, 2n, 3n, 2n!. Thateachisbig-0 ofthenextisclear. 

23. Because n log n is 0( n 312) but n 312 is not 0( n log n), the first algorithm uses fewer operations for large n. 

In fact, if we solve n log n < n 312 , we get n > 4. In other words, the first algorithm uses fewer operations for 

all n > 4. 

25. a) The significant terms here are the n2 being multiplied by the n; thus this function is O(n3 ). 

b) Since log n is smaller than n, the significant term in the first factor is n 2 . Therefore the entire function 

is O(n5
). 

c) For the first factor we note that 2n < n! for n 2: 4, so the significant term is n!. For the second factor, 

the significant term is n3 . Therefore this function is O(n3n!). 
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